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7 .... tptftyj ui^is 4 jij*Vi jB : JjVi juiti 

23 ulMlj utfjttl : J&\ J^JI 

43 uVjWI ytft : ftftl juill 

59 JljJllj ^ULbuJI : jjljJIJwiJ! 

81 iuLuJI l^l^lj JljOll : ^Ull 

105 J^IajUIj jijaii : ^jwi j^iii 

115 ILbjjatl ^taSlI : jjUJI juttl 

127 ^Lu&l JljJJI : Judll JmUI 

149 A^xJI lulltl JljJllj lUlStl ulLUai : t*OJtf4ll 

165 u^LLutlj ulutiutl : jibJI juill 

173 (^A&bul) 4xUiil uUlkai i4Jli 



jmmi^Ij ^jJ^tli uljruS <aIJaVI 
Number Systems, Polynomials, 

and Exponents 

UUIUJI UUUjJ |/ 

J4u)l ✓ 

Sets of Numbers Jldrfl uL^>u 

^^Jl ^ o.lVr ilj^l oUjaj^o ji iol* ii^j JjiJI j^SUj 
.fl i-jLJL»Jt j|jL*Sll is-y^ut 'iJjy- oUjaj»ui ^ Ujj 
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.2 «1 2LA-*JI ilJtP^I ^ :/V Natural Numbers lwJai\ Jldfi'itl t 

... <3 

iol—^JI ilj — c-Sli jj—Sui" :z Integers 3lxl**JI JlJlfi'Vl • 
<-l «... .3 .2 ,1 <0 JUJI J~_- Js- yUliiUiTj ^•LjSUoj 
... <-3 «-2 

4_*^« LS _j(. :g Rational.Numbers (Jjp&l) 3Lu*yJI J'.JUi'VI • 
6 ifl ji US' <i^0 alb ^ LxjlsS' ilip'^l 

iljL-p'il J—T ^ :// Irrational Numbers Au-ail! jjLfi JlJLfiVl • 

... < V5 <V2<;r Ji» iti*i C-J ^1 iySJuJI 

z, a oIpja^ji Ji -5 jjuJI :i.i. 

.fl « oU^^I^I 156.73 iJuJI .Jl 

.H,R oU_^JI ^1 (/ ^. (5jt) JJuJI 

Example 1.1: The number -5 is a member of the 
sets Z, Q, R. The number 156.73 is a member of the 
sets Q, R. The number 5n is a member of the sets 
H,R. 

Axioms for the Real Number System 

ilJL*( a, b, c) iJbJI 

X'ommutative Laws JIJuVI jrtjljp • 
Si*P ,_jS j*p v-5'/JI C-a- '.a + b = b + a 
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: Associative Laws JfllJUl ^ul^5 • 
.jj&JI £aj>JI ^ J}>_ i £*>JU '.(a + b) + c = a + (b + c) 

j yjj i ^a^JU :o(6c)=(oft)c 

: Distributive Laws Jj}>UI jrulji • 
.£l>JI ^ ijj-^Jli (a + b)c = ac + be 0u\ a(b + c) = ab + ac 
.Zero Factor Laws Sjitai\ JrfUll jrul$i • 
n.0 = 0 jj& <a (J U>- iJs- JS3 
.6 = 0 ji o = 0 U^9 <ab = Qd\Z lilj 
:Laws for Negatives uil^JI ^ul^3 » 

-ha) = a 
{-a){-b) = ab 

-ab = {- a)b = a(- b) = -(- a)(- b) = - (ab) 
(-\)a = -a 

.Lam for Quotients domiitt jryljl • 

a _ -a _ a -a 
~b~~b~^b~~^b 
-a _ a 

.ad=bcM \i\ Jaisj lil ~ = ~ 

. a _ka 

Properties of Inequalities uUjLjUI 

lilj .L^y b-a jLS - lij a<b y-xSoj b j_« Jii a jJuJI jj& 
a cJLS" lil Lt\ .b>a y-xftj a ^ jS\ Oj& 6 0^ a<* Oils' 
^1 Uj& 6 oii a<6 CJlS* lijj .a<b y^Sca 6 ^Ly jf y> Jil 
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.b>a i-^&j a (JjLj - ^ 
ioliycJI oJUb ^ 4JLJI ^IjsJI ^lu^J j^SlftJj 

.<7 + c<£> + co|s<7<6 cJlS" li) • 
oocjlflil ac< H 

,a<c j^s 6<c cJtfj a<6 CJlS* lit • 

Absolute Value 

ji |o| oj^jwJI ^j-i a JL*>- ilJ iilLJl Lti' 

= M 

a<OcJlTljl -flj 

Complex Numbers AjS^I Jldbfttfl 

,C 3JZj»S\ jIjl^I 4_P^**xi 4_uJto. WjlpI jIj*^ £ j*s i 
C-*- <a + bi • j^aJI l^bf ^1 alipty Jf J* jj&J 
a-i-p JJ* ji jL>xgl jXu, d. J = -l 4Ju£>- lilj^i a, 6 
iJLP J_f oi »il-Ji w.. .A x + 0/ Sj^aJI * ^^i^- 

^Ij '<£ alJ*'"j|l liL-i Jywj .&y> bi* Ciuj OjSo. L yL2s- 
.SJuiu' i\i£-\ L^t XJLi*- lalifri c—J 

iljLp'^ i + ^,',2 OT < -5i ,3+^4 -3+2/ jlJ*Vl.:iJL JtdU 

.(iJL>«i') 

, — 1 J3 

Example 1.2: 3+V-4 =3 + 2i, -5i, 2m, j 4- "^"' 216 exam P les of 
complex (imaginary) numbers. 
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iJbJI j*j>j J = -l :ol jUpI ^ SffjJI ji 
,z = a-ib y> z = a + /6 u^^JI M*JI jsl^ Oj£jj z j^Jl z v^yJI 

Order of Operations uLLaJ! uuup 

jLS- lijj ,^|jt ^Iji^l ^ ydl U-*J! oUUI fUrj ^ .1 
^ ioL-^Jl S-JUjJI J-^-b j-« ^1 ^JLia 

t-J^I CiLLp ^ Li - ) JJ> 'Jji C»li jJiUJI i_jL-9- yjw .2 

J-J j -yJI ^1] jl—JI ^ 4».« al lj i-'j^all o U Lmu pUiiH -3 

^1 jLJI v C*j ptf 0l ^ ^Ij) c >Jlj gjjjl oLL* 

Example 1.3: Evaluate :iuJ J^-jl 11.3 Jli» 

(a) 3 - 4[5 - 6(2 - 8)], (b) [3 - 8 • 5 - (- 1 - 2 • 3)] • (3 2 - 5 2 ) 2 

(a) 3 - 4[5 - 6(2 - 8)] = 3 - 4[5 - 6(-6) ] 

= 3-4[5 + 36] 

= 3-4[41] = 3- 164 = -161 

(b) [3-8-5-(-l-2-3)].(3--5 2 ) 2 =[3-8-5-(-l-6)]-(9-25) 2 

= |3-(8-5)-(-7)].(-16) 2 
-[3-40+7J-256 
= -30-256 = -7,680 
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Polynomials ^Jtf&ll uljruS 

Sj^l JIp jjJbJI j« £5*^ ji -As-b (jj* -rtf* 1 ' 

5j*_ iS" i_9j_«jj .oljs-ia* .V|. jc, .v„ <CoLS' a £>->?- f/.v|''xf ■■'.v,"'" 

Ui" .Monomial J*JI ioU-i l$it J^-lj Jb- ^ jj&i' ^1 jjJL>Ji 
(Binomial jjJbJI CjI-Lj j-J-b- Oj&j' ^1 Jj-bJ! 5j*i^ ^jA—j 
.Trinomial jj-bJI 'iJ'Mt JjJb- ,yi ijSUJ! Jj-bJI ( ^«— j'j 
.SftiU-I ajjb- 5,-20,n,r,3jc 2 .-15rV,2jc/ zvv :i.4 J& 

Example 1.4: 5, -20, it, f, 3.T 2 , -l5rV 2 , ^ jt/zw are monomials. 

.ji Jb- oli ij Jb. ol^ CjjSj x + 5, * 2 - y 2 , 3jcV - fix'z '• IS J& 
Example 1.5: x + 5, a 2 - y 2 , 3x > y 1 - V3Vz are binomials. 

jj Jb- otj^ Jjfir x + + 4z, 5jc 2 -3x+l, ixyz- 5x 2 y + 20Pu ' 16 

.ijJbJI S*J}U 

Example 1.6: x + y + 4z, 5jc 2 - 3x+ 1 , 8xyz - 5^ + 20r 3 « are trinomials. 

(j:! JciJI 4_JI ^jjjJI ij-bJU^ ^ Jw>- 49yw jSUjj 

.ijJbJI ijJ& iiyJI JjJbJI ^ CiU-jjJI ^1 

i^T iVz 2 (A) ,8 i^jjJI ob-I jjjb» ^ 3x 8 (c) 11.7 Jll* 

x* + 3X 7 - 250 (d) < ^ l^b-jj ^ (c) m^UJI ivjjJI ^ iiU-I :>jJj>- 

.^.UJI VjJJI xy-3Qx 4 (e) .iul^JI i^jJI <y 

Example 1.7: (a) 3** has degree 8; (b) llxyh 2 has degree 5; (c) it has 
degree 0; (d) x 4 + 3x 2 - 250 has degree 4; (e) x*y 2 - 30X 4 has degree 5. 
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LL«j>- lil like terms jj$_>Lii9 jS\ jl jj-laJ JL2j. 

^\ 'i-f-^j* Olj-JciJI {J ^Ji^Jj> j£) jlT ji (CJjJ 

.unlike terms i^U^* ^ L^t i^LiuJI 

ajJuJI Ubt fo 5 j 6/w 5 ,2jfr j -16«V «5x j 3x M.8 JLlt 

.i^liaJI jj. jjj^JI olj^ ib>i j .3* j 3 Ul .ifcLiidl 

Example 1.8: 3x and 5jc, -lfo 2 ? and r« 5 and 6tu 5 are examples of 
like terms. 3 and 3jc, <j 3 /> 2 and a 2 b 3 are examples of unlike terms. 

JjO*ll uljfdS 
Sums and Differences of Polynomials 

6jL>o.l j-SUJ JjJudl Cj\j*-£ j-* j-j JyiJI Lot .S^jLisJI 

Example 1.9: :i.9 Jll» 

(v 2 - 5y + 7) - (3 v 2 - Sy + 1 2) = (y 2 - 5y + 7) + (-3y 2 + 5y - 1 2) 
= y 2 -5v + 7-3v 2 +5)>-12 
= -2,» -5 

Products of Polynomials jjdAJt uljjuS ujm> 

Example 1.10: Il.lO 

x\lx A -5r + 7.vh 2) = x 3 .3.v' 1 -jrVlr +a- 1 -7.v + .v 1 -2 
= 3x'-5r 5 + 7.r i| +2.r l 
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J-*U jifj! :i.n Jll* 

Example 1.11: Multiply (x+2)0(* 3 -3x 2 y+jcy 2 ) 

(x + 2y)(x } - 3x 2 y + xy 2 ) = ( x + 2y)x i - (x + 2y)3x 2 y + (x + 2y)xy 2 
= x 4 + 2x*y - 3x 3 y - 6x 2 y 2 + x 2 y 2 + 2xy J 
= x 4 -x i y-5x 2 y 2 +2xy i 

:i)UJI ,M Ji* J JjUl f IJ^J jSUj. U 

jc + 2j 

2x i y-6x 2 y 2 +2xy i 
x 4 — jc 3 >> - 5jc 2 jv 2 +2jcv 3 
J*»U- (First Outer Inner Last) FOIL '&J> j»ljL*xJ SiU 

(a + b)(c + d) = ac + ad + bc + bd = (First) + (Outer) + (Inner) + (Last) 
Special Product Forms uyaii 4m £ jya 



{a + b)(a-b) = a 2 -b 2 


: a* ^ 


(a + b) 2 =a 2 +2ab + b 2 




(a-b) 2 =a 2 -2ab + b 2 





Factoring J^bsIJI 

.^j-j^I gjjdl oULJ *JUjJI Ji*j jjj*JI JJUo* 

.Prime Uji jjJl^ ^ l^LJki' ^ H ^1 ijJbJI o^j 

JJUJI J jl^a JaU lyj UUJI J-JUJI yJLI Ji^-j 
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.JJbJJ i*>UJI jojvj Lr XJI FOIL JJb*; .^-IjiVlj 

jJU-i- :i.i2 

Example 1.12: A monomial factor: 

3x 5 -24x 4 +\2x i =3x\x 2 -ix + A) 

JbJI jiU > JJLr M.13 Jll» 
Example 1.13: A nonmonomial factor: 

12(* 2 - \)*Qx + 1) 3 + %x(x 2 - O'tf* + \) A = 4(x 2 - 1)\3^ + l) 3 [3(.r - 1) + Ixfix + 1)] 
= 4(r-l) 3 (3j + l) 3 (9^ 2 +2A;-3) 



(j-iji^ii) £~*Ji fij**.i< :1<I4 jji, 

Example 1.14: Factoring by grouping: 

lx 2 + Axy - 3.W - 4ty = (3x 2 + 4ry) - (3*/ + Aty) 

= *(3* + 4y) - f(3* + Ay) = (3jc + 4y)(* - r ) 

Ibjj-^JI £i £*JI FOIL JJ^i' 

* 2 +(a + />)* + a6 = (* + a)(* + &) 
rtcjc 2 + (fcc + ad)xy + fee/)' 2 = (ax + fty)(cjt + rfy) 

: tJ ^\ FOIL JJLtf .'1.15 Jilt 

Example 1.15: Reverse FOIL factoring: 

J*>L»-o>& 50^^^JUU^^r-15x + 50 JJUd (a) 
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■jjSoj _io ,-5 jJUUI Ji^i :-15 L»4«a»- 
r- 15jc + 50 = (x- 10)(.v-5) 
goU.OjSoj 4.6 = 24 J»ljP ^ vi^J 4x* + lbry + 6/ JJUs) (6) 
jj&j 3 <8 jJUUJI J>iis ill p4**pr 

4x 2 +llxy + 6y 1 = 4x 2 +%xy + 3xy + 6y 2 

= 4x(x + 2y) + 3y(x + 2y) = (x + 2y)(4x + 3y) 

General Factoring Strategy jibclii A^ujIjuVl 
.iji>JI jj, iS>i»JI jf :(i) .jUJl 
cJUi lip .yJj^ll ijUJI jus jjJ^JI jj* :(2) ijUJI 

0* 3j jl j^y j-» Jj« j* (a) 

<Lr SUJI FOIL JJUj j| J*lfll g^JI OjJb. (6) 

.^uJlj J-J^l JjUJ « ^1 jl ij.b- ^jjt (c) 

Special Factoring Forms J^laliJ 

o 2 -fc 2 ={a + b)(a-b) ^/jiJ/ 11 
a 2 +b 2 -Mj 1 £..5*^ 

fl 2 +2aft+fc 2 =(a+6) 2 ^r^'ey 

a 2 -2<3t + fc 2 =(a-i?) 2 '3j£\gj> 

Exponents jum$\ 

x" = xx...x(xj olyJ! ^n) 
Example 1.16: 5a 3 /> + 3{2abf = 5<rwafc + 3(2ab)(2ab)(2ab) \ 1.16 Jill 
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Example 1.17: :i.l7 Jilt 

jf" (3a;) / at (3a;) y 

iJLP n ^ (jt J Jjdl jjy,JI) x» .j^^J Otf li) 

<uij jup (y) L>-y LLS>- liJLP jjft jc" j^i a>0 cJtf" til - 

.x»=0 ,x = 0 j\S Ijj _ 
.CiJto. bo* C......I at" ijc<0 cJlS" lil _ 




c— J (c)(-\6) m ,(b)-\6 m = -(\6) m = -2 ,(a)l6" 4 = 2 11.18 

.(</)(-8) l/3 = -2 fllsJu- liJLP 

Example 1.18: (a) 16" 4 = 2; (A) - I6" 4 = - (16) l/4 = - 2; (c) (- 16)" 4 
is not a real number; (d) (- 8) 1/3 = - 2 



ExampleU9: (a) 8" 4 ' 3 = -4 = = i = 1 , (b) (- 64) 5 '« is not 
a real number. 8 (8 ) 2 lb 

blj*i .y «* jj&j .Sjj-i bljtpf 6 <o jjft Ujulp jjIjs 
.(yuJI J* AA-illj aJUI i*>-jjJI jji^JI v^jj) **fy>»- 

*V = a" + '' (.*)')" - x" y" (*")"=*"'' - =^r 



Rational and Radical Expressions 

.ijjLj- ^jf-jQ 4A-i <Gt ^yi* ^j*— Jl jl JLiaJI ijliST 
JUi' IJLP L«J Ol^j) iJLtoJI pjll JS3 Uyu ^1 jljuuJI 

.yi^JI ^jLj j»UJI J*»' ^yJI ^JiJI 
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'3>iyp Ja~J Jbrjl :i.20 Jill 

Example 1.20: Reducing to lowest terms: 

x 2 -2xy+y 2 _ (x-;y) 2 _ x-y 
jc 2 -/ (x-y)(x + y) x + y 

Operations on Rational Expressions 2muu1\ uLlaJI 

( aX x _ b a c ac a c _a ( c Y 1 _a d__ad 
UJ ~a ~bl~~bd ~b*~d~~b\d) ~~b c~ be 

a + b _ a±b a + c _ad + bc _ ad±bc 
~c~~c~~ ~b~~d~bd~bd~ bd 

^ jj J> ^ ^jtoti' jjilio ^ Complex Fractions i£ j>-£JI 

jj\ ^ ^\ 1^1 u^ir ^ ji r uji j ji l-ji 

■4»,...5ll pj' Jb-lj ^lijlj Ja-JI JL>y |*a !(1) iL^Ul 

Example 1.21: 11.21 Jtl* 

_* o_ x(a-\)-a(x-\) 

x-l a-\ _ (x-D(a-l) = M-jr-ax + <i q 
x-a x-a (x-l)(a-l) 

- a ~ x 1 _ -1 
~(x-l)(a-l)'x-fl~(x-l)(a-l) 

j j^iji j*Lji ^ r ujij i—ji jr v> fi : ( 2 ) ^JJ' 

Example 1.22: !1.22 Jill 

y x _ y x x 2 y 2 = x l y-xy i _ xy{x - y)(x + y) = xy(x-y) 
± + ±~ ± + ± x 2 y 2 x 3 +;y 3 (x + y)(x 2 -xy + y 2 ) x 2 -xy + y 2 
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Example 1.23: Simplify x" 3 y 5 -3*"V Sj^ Ja-J Jbyj! I1.23 Jill 



(b) y* ljL = ?£ ly 6 = xy i -3y (> = y\x-3y) 
x i x 4 x 4 x 4 x 4 x 4 

Radical Expressions djjtlail ^jQl 

>fx=x [ln J ^LVl ^jJI jJbJI j^J ^>JI jJbJI u^«J 

.2/7 ej^JI "Jl-Jj 77 ijjuH-yk v-^i x J ^jill jjbJI 

x ^^-s— i'j <Index JJjJIj n -Radical jJudl; y>)\ ^j^j 
.Radicand jji^JL; 

4mI &ud uJj 4JjktJI jjjQl Jjj*j 

Conversion of Radical Expression to Exponent Form 
Lo.U*i x > 0 ,(n > I) L>.^w iljLpi n ,m ^ JS" jtf IjJ 
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Simplification of Radicals jjtatN buuuJ 

jj <ji jjjj ijyi J»jj-iji bjZ, js* i«u 

.^jiaJI jljLiJI J^-J' 

.jb-ljJI^ijLi. JoU ji^II JJaj jjis^JI^ JS3 jlS" lit .2 
.f-liJI ^ jiJI lij .3 

.jiJI Cj»J ^-T Jb-j Ijj .4 

Example 1.24: 11.24 Jill 

:JjSi V)i ( i ) 

I^UJI J^) dJliJI j^jji (^.) 

I2r^ _ I2j 2 ^IV _ 12r ^¥ _ IZr^V _ 4* fox 3 / 
^7*7 foV fo77 folxV 3xy v 

yk a + b 5jj_s<JI jj.JbJI iP Oj£*AJ ,3*1/^' jl-LiaJl jj& 

.g?-* j-SUJIj a - A jljLiJI 



j-* J-S" v> ri J ,Ji * rfl Jr* J-^ 1 ^-^J 

jljiiJI r Lu y ji^J! Jjb-I :i.25 Jd» 
Example 1.25: Rationalize the denominator of 

x-4 x-4 VT + 2 (jr-4)(V7 + 2) 

^^ITTErt"— ^ 

jIjoJI y ^1 Jj^| :i. 26 Jlii 

VT-Va" 

Example 1.26: Rationalize the numerator of 

Vx-Va _ Vx-Va Vjt +Va _ x-a _ I 
x-a x-a Vx+Vo (x-a)(Vx+Va) Vx + Va 
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Equations and Inequalities 



uiM\ ✓ 
lu±\ ^jJJI uVjIm ✓ 

uUjUUI ✓ 

2u^»!jLI! uVjWI ✓ 
Equations u^jUil 

Oy£> jl L«l olji-ic* ^jjp ^yJI ibUdlj 

Jb*lj)l jJiiJI Oli ibUJI Jujhj jjJI 
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.JxJI oU^m ^ I4J ColT lij ialSo* o'JiUJI .Silk* 

j J*JI I4I0 JS3 <ialS^Jt + 5 = 0 ,x = -5 O^UJI 111 J(JU 

.{-5} iliJI 

Example 2.1: The equations jc = -5and;r + 5 = 0are equivalent. Each 
has the solution set (- 5}. 

ihuji j± ^=25 ,x=s ouji~ji 

.{5,-5} J*JI fey*** IjJ Sjlill 4jjUJI UjUj {5} J>JI i*y>>* l«J 

Example 2.2: The equations x 2 = 25 and x = 5 are not equivalent. The 
first has the solution set {-5, 5}, while the second equation has the solu- 
tion set {5}. 

:oUjI*JI 0j& (J jj>j J I iJuJI ^ SsU»J .1 

.^^asl&M a + c = 6 + c ui = b 

. jjialSou a~c = b-c <a = b 
Oj_£ *j .(^^Ljl j-p iJuJI ^ ^ iJiUJI ^ji. .3 

.^l&o ( c *0 <7c = 6c <a = ft :oUil**JI 

jjft jw' .(iyi^JI iJbJI ^Ji ^ ibUJI ifcji .4 

.ibUJI ^ JjJ» ^1 jjoUJI Jaji-o- .5 
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Linear Equations 2uha)l u^Ull 

J) l^Lj^J £ai ji m + A = 0 oj^JI JU. ji\ y iJa*JI ibUJI 
i_Ja>JI DiUJI j^s o / o cjLS" lilj .ijj^l oJl^J ial5U ibUo 

y*-Jj .iilku S3jUJI jj& JU J*jb = 0 CJlS" lil "ill J*- 
. Nonlinear LLiJI aJ^UaJL 'iJa£~ c— J ^1 ^bUdl 

J_»- I4J3 Jb-lj jJcio ^ iJa^ iJjUo 2x + 6 = 0 ibUJI 12.3 Jilt 

.{-3} JsJI ;{pja»ui jjft ^ .-3 y» Jb-lj 

Example 2.3: 2x + 6 = 0 is an example of a linear equation in one vari- 
able. It has one solution, - 3. Therefore, the solution set is (- 3 J. 

l«Jj J^lj^^iJ^JI^SbUJJ JbujjSoV=16 12.4 Jlii 

.{4,-4} J*JI AS-yuy* jjft jW - ^j -4 .4 j^U- 

Example 2.4: or 2 = 16 is an example of a nonlinear equation in one vari- 
able. It has two solutions, 4 and - 4. The solution set is (4, - 4}. 

£-**i>\S h..-,.vllj ial&> c^aU* JI ibUJI Jjj>«J ,^*JJ .Jb-lj 
Jj-LJI jjJl^JI J_Tj < Jb-lj J> ,JaJI AjJb- JS* 

.jJcJI J*Uo jlijJJI j^-i yJ-^ll 

.3*-8 = 7jr + 9 ibUJI y Jb-jl 12.5 Jilt 
Example 2.5: Solve the equation 3* - 8 = Ix + 9. 

3x-8 = 7* + 9 jj>JI 7* CJ L 
-4* -8 = 9 jJ>JI *T J| 8 isUk 
-to =17 4 ^ jJjUI 
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Quadratic Equations ^Uiilll A^jJJ! u^lu 

(a *0) (or + fac + c = 0) Sj^aJI J iJUJI irjJJI ibUu jj& 
o^L*« JpJ J> C ji J^-yj .Sj^JI dili' J\ I^jjxI- ^1 

o^UL« l^J ar + fo + c = 0 jjj^JlDjxiT oJtf liii .JdLbull .1 

jl ^As- ^a-o ^1 t 5_ r i v ail Jj>L*JI wU- jJu pJ' JxIjaJI 
.fl = 0 ,4 = 0 015" lit JaiS AB = 0 

.^ijusi .3 

.r +px = q ^ itaUJI v_^5Ci (a) 

^.Vl 0>jl (C) 

J"^ 1 fr^i [x + f j 

iJiUJI J^- ^ llili Jj^JI ^ .AiJLbjjUl Wll .4 
iojj^l ^|jl>^,Ij (a*0)C~>- ax 2 + bx + c = 0 

_ -b±ijb 2 -4ac 
X ~ la 
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<JL> ^jki ^UiT CJLS" lijj .a^f-, 4-ljUJI J_J^i' 4_ol&l 

.3x 2 + 5x + 2 = 0 il iUJI (jJb*i) '.2.6 Jll« 
Example 2.6: (factoring) Solve 3x 2 + 5x + 2 = 0. 

3x 2 + 5x + 2 = 0 l$lJUi' j£w ij Jb- e^iT 
(3x + 2)(x + 1) = 0 f j J Lj\ J-oUl i-^U- jJaaj 
x = -| OjSj jl x = -l OjSj fS 3x + 2 = 0 jl *+l=0 

.2x 2 -3^+6=o aJjUJI > (gjji jurj) :2.7 jiJU 

Example 2.7: (complete the square) Solve Ix 2 - 3x + 6 = 0. 

2x 2 -3x + 6 = 0 I4JJLJ "Jl ajJb- 'i^S 

x 2 -±x = -3 x 2 + px = q Sj^JI ^ Ife^l 

*~! =± ^iF ^>ji 



_ 3±^9/ 



.x 2 + 5* + 2 = 0 SJjUJI (Lju>J\ Si~*Jl) !2.8 Jill 
Example 2.8: (quadratic formula) Solve x 2 + 5jc + 2 = 0. 

x 2 + 5x + 2 = 0 WL>«i- i jjJls- 5^ 



.Discriminant j^A-dl) <uuj>dl &u*a)l SIjLm j b 2 -4ac jlJutJI jj 
.ijtujJI itaUJI J^l*- £jJj iJtP jIjXJI villi SjLil 



^ 3 \ c-J jjlj ^JjVl 5l*jU ofcUJl ^ ^1 



.x 3 - 5^-4* +20=0 :aJjUJI :i9 Jil» 

Example 2.9: Solve x 3 - 5x* - 4x + 20 = 0 

x*-5x 2 - 4* + 20 = 0 J* 1 ^ 1 f 1 - 1 ^ 

jr(j-5)-4(j(-5) = 0 
(,v-5)(a- 2 -4) = 0 
(jc - 5)(jc + 2)(a- - 2) = 0 
j; = 5or.v = -2 otx = 2 

.JL= 5 -^ :abui>:2.io JO* 

Example 2.10: Solve — = 5 - - % 

jc+l x+1 



— -5 — 

x + 1 .v + 1 

{x + \).jL = 5 (x + \)— ~tx + l) 
x+\ x+\ 

6 = 5x + 5-6x 
\ = -x 
x = -\ 

Radical Equations 2b>ki)l uVjWI 

y Cl = b SJiUJli ILoU 4_i*ajj .i_JUiil i-JLkP 

cJlT lil ^ dUi <a" - b" iJiUJI ^ISj 

.</'=#' iJiUJiJj_i>- jl>-jj o=ft ibUJi JjU js" op i^-jj 

LS^JJ J-l J! JJ> £»J 0\ 4J & villi jj&J 

.SjU^i fljuai js*j j^wi diL- cjir ijj 

. V* + 2=*-4 fliUJI j*. :2.n jii* 
Example 2.11: Solve Vjc+2 = jc-4 

(VT^2) 2 =(.-4) : 
jc + 2 = .v 2 -8.r + 16 
0 = .t 2 -9jc + 14 
0 = (jc-7)(x-2) 
x = 2orA- = 7 

2*-2 c= -^+2 = 2-4? :ji Jbw x = 2 Ujup jisdUj 
3 = 3 <= ,£+7=7-4? jl JbJ jc = 7 Ujup 
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J_>J! ijJk X = 7 jjft UjLo 4)il*J3 O-J X = 2 jj& (W' 

Applications ulHntil 

^j-ju jJcu i»J iWu.^ o'taUdl o jjb J?- ois <illi £*j 

.A = P + Prt ibUJI ^ 4*J Jbpjt :2.12 Jtl* 
Example 2.12: Solve A = P + Prt for P. 

\ + rt 

P--JL 

\ + rt 

s = ±gt 2 ibUJI J t 'i*J J^jI ."2.13 Jill 
Example 2.13: Solve j = ^gf 2 for r. 




J*JI pJJ 4i\» A^iJaJI JS\yJ\ J Uib ^ 

ijJLdl JiL-aJIj JS'Lidl ^ lJSjaJI ljL^jj ^ 4j| 

.SJL^Sfl SLt-Vl > > LU iS o£ >JI 
'L^^> ilJL*l 4_*^UI Jljti ijljJI pjU cJi* :2.14 JldU 

Example 2.14: A right triangle has sides whose lengths are three con- 
secutive even integers. Find the lengths of the sides. 
Sketch a figure as in Figure 2- 1 : 

x + 4/ j x = ^JU» j-tfil JjJ* ji Jtjii 

/ x + 2 = aJj. ^jJI ^JUJI J>L> o^s 

a: + 2 a- + 4= >"jJI Jjkj 

2-1 

x 2 +(x + 2) 2 =(x + 4) 2 
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r +4jt + 4 = jr +8jc + 16 
2x 2 +4a + 4 = j 2 + 8^ + 16 
x 2 -4x-12 = 0 
U-6)U + 2) = 0 

jr = 6or.r = -2 

,x = 6dy£> £±*l\£y*>\ Jl>l j«J jijij* v_JLJI J>Jlj 

.jc + 4=10 ,x + 2 = 8 

Variation JjjiiUI 
JL_£ilj jj*<? I j*& i L*J _^JI Jail ^M^Lm i 

jfrJat ji (j-* 4-j»IiJI bjj_Mailj . k.-,.,.,ll iLkiP^I 
4 ■HiV) j. «.i 4jL JUbj ^Ul jJcuJIj >J. J^lj 

y = kx iJ-SLill j-j ii^U Direct Variation ^LjaJI ^Jcdl Oj&j 

:S5%JI jj» ^jJI lift SJUI SilJl ^juits-j'j 
.(x J Uj' id^ill y jjcs) x Ji* iyiL* y jJc£ . 1 
[f i J» lL>b? >- y—bs .2 

j* ^ill j-xJI J^-jts ? ^ Ijijt jj£ p cJlS" lil :2.15 Jlit 

.9=12 Ujllp /> = 300 cjtf lil q SMJbp 

Example 2.15: Given thatp varies directly as q, find an expression for/7 
in terms of g if p = 300 when <? = 12. 

q = 12 L»JL* /> = 300 jl p = kq tfp q g }>.j>*£ p d\ 
.p=25q jAj k=25 ji 300 = *(12) J^pJll oi^ ji^ly 



oj^aJI J 'at* ^j-S^JI Ji*j. -Inverse. Variation (juSai\ jpull 
jj> U%}\ ^JLp aWjJJ aJUI ol^JI f J^s-JTj y = ^ ji - * 

.£>JI s& 

.X y j>*£ • 1 

.X £« y Uii" .2 

lij t aWju j jP it g iLSoc jJcii - j jl c-Jp lil 12.16 Jli» 

./ = 8 Ujl* s = 5 CulS" 

Example 2.16: Given that s varies inversely as t, find an expression for 
s in terms of / if s = 5 when / = 8. 

L>i (i— *>-J <5 = A/t AjbS" j£»J Ai^S f jJci' J jl UJU» 

jt = 40 ji 5 = A78 Js- J^lpJiJI eifc jiycdlj Ai^S /=8 L«Jut 5 = 5 
.5 = 40/*^^ 

<Z = kxy J_£jJI j_j as}!* Joint Variation il jVmioII ^JcJI i.a^ij 

.Ai^JI eJlA i-a.^ Lj'^l ol^cJI f JLhX^Jj 
. V <X j-aJ uw" Z j^*^' • 1 

.)' KmJ yi> J-i<»U- Z J**^ "2 

L»JL* z = 3 jlj y .tfJcJ ^^Jtt a- jl c.Jfr lil 12.17 Jilt 
.y fx a*Slj# « Ji«J Jb-jls ,)' = 5 «* = 4 

Example 2.17: Given that z varies jointly as x and y and ; = 3 when x =4 
and y = 5, find an expression for z in terms of x and y. 

Ujulp z = 3 01 vi-»\} .z = Ajc>' O^i y a jJci bui" ^^Jctf z jl Uj 
.*=-| jl 3=4.4.5 ^J^^I.j^ l> ^cJl»j)-=5 ,x=A 

,jr gyy y J ^IjJI jiJI jJd Cu! jJci- /> cJtf li) :2.18 J& 



.y = ± ,x=1200 UxfiP J^jts^=81 ,x=\2 U.UP P = 2<\ oilSj 

Example 2.18: If P varies jointly as the fourth root of y and the square 
of x, and P = 24 when x = 12 and y = 81, find P when x = 1200 and 
1 

y 16 

^^1^^ = 81 ,x=12 UjuLt /> = 24 6i vV-J .P = ktfy~x 2 t-sSu 
^ = ^1^^ ,*=-jLji 24 = tV81(12) 2 J^^I.J^ 
,^#6(1200)^^^ , = J_ „ = 1200 

Inequalities uUuUUl 

oj^aJI ^ Uo j-JjUJI illS" 4i^9 X<b CJlSj A <* Col^ lil 

»Ju> JjJtoJ ^1 4 JLkJI ilj-fr^l 4-p^»j>« JLc- jiLj ,a<x<b 

iiii* 5^ a<x<b jjjUJ ^yjl iJuisJI iljic'^l it^*^ 







ujLuJI JjfcUl 


o<x<6 


(fl.fr) 


t ) >x 

a b 


a<x<6 


[fl.fr] 


( i >x 

a b 


a<x<fr 


(fl.fr] 


( i >x 

a b 


aSx<6 


kfr) 


[ ) >x 

a b 
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• l^JLiftj" ol^j injLJI 

.SiLuil J*JI 'it-yD%A jy*JI iPjA*»« ^ 



! >S^j 



'Lf-y>*u> UjjkJ_S3j jc<-5 a+5<0 oWlfJI 12.19 Jll* 

. (-,-5) J -5 ^ j* ^1 >\l*H\ y i/JI JJI 

Example 2.19: The inequalities or < -5 and x + 5 < 0 are equivalent. Each 
has the solution set consisting of all real numbers less than -5, that is, 
(—.-5). 
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2_al£uo 4_bl*4 ^1 4_^LiJI Jjj*!' oLUfr Jia^jj .IswjIj l$JL>- 
a-c<b-c ja+c<b + c j a<6 c*LUsJI ji 431**1 .1 
Oj-fc a/c<i/c ,ac<6c j a<6 oLUI Uj-ifl .2 

.i_JLi iJuu <U i.i all jl cj^sdil -lie- jSjCjj JJusj ij.L^<JI 

Linear Inequalities <UUaJ! uUjLUI 

ax + b< 0 j ax + 6 > 0 <Jb)| J>a J| ^ 5 j^|> y^JI ^UJ| j£» 
eJLgJ ijalSow £j,Lu JJ IfLjaJ j^u, jt « + *S0 j or + ft*0 j 

J*- jj&j .JjLJI JjJuJI J S^jJI ej^aJI j-ibj Jji>Ji y> 
J_> LJjL/l (^jU- J j*JCy»JI Jj* Jj.^ <Ua»JI oLiJI 

.5-3x>4 Jlj-jI :2.20 Jill 

Example 2.20: Solve 5-3x>4. 

5 - 3jc> 4 
-3;t>-l 
*<I/3 
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Nonlinear Inequalities <LdaAJI j£ uLuLIil 

ji ijL* ^^Jp j~>H\ y^j? (^ji ijUJi 

j-£«J (i-ilill 4_j»-jjJI J« iJjl O^ULw jl) iJai* O^LoUaJ i&— J 

.Ju> jLT liJJ .oljLi^J ^LJI JXiJI J^Li- l^Jb- 

^blluljaSlljrj ijLjIljStill 
^ — -j'j .yi*aU LjL*« JjoU JS" Ujulp ^1 i»l&JI .1 

.hfjAS iUJI Jrf. p-jl .2 

V^ 11 j^J* fJirf-Jj «s> ,y JjIp Jfl Sj^I jrf .3 
j_ « 4_JLol^j j_^ ( V(yJL>JI jIjljuJ ojLi)ll jJuJ ii* -ill 

.J*JI t*y*>u u»xS"l .4 

.(x-iXx+2)>o Jb-^i :2.2i j& 

Example 2.21: Solve (jc - l)(x + 2) > 0. 

.j^aJI ^jL-i" (it + 2) «(x-l) yjjdli -2 il ^» i^l JUUUll 

oijk .(2-2 J_Sji jJul) i-s^l J»UJI Uw>j* ilj^Vl Jai- p-jjj 

.(l,oo) j (-2, 1) .(-00.-2) Cilji J| UviJt ali*Vl Jai- p-a-.iUJI 
J*s>L>- jjX, pj jjj SJL. x + 2 <x- 1 jj£ (-00, -2) 5^1 
(x + 2) jSJL.0>&(r-l) <(-2, l)5^_i)l^ Ul .^y^ 1 
(1, co) SjijiJI ^ Ul .lIlLy^JI J^U- jj& jw'^yj <i^o,$& 

jj_&y jLljbj .Csrj^ (x- l)(x + 2) jjSo. Ujhp oLsJI 

.(l,co) U (-ao,-2) ^ J*JI i***^ 
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iJL, x- 1 SjLlI - 
iJL, x + 2 5jLll - 

T i i i i i i i i i i i > 

-3-2-10 1 2 
2-2 J& 

Absolute Value in Equations and Inequalities 



ikfcj JJjJI lift JuJI Ly i i i*JI JJaU iilkJI ii-iJI ,lL.JU» 

.(2-3 Jfc^Lf) J-Yl 

I I I I I I I I I I I I > 

-6^-202 4 
2-3 JSi 

LilkJI 4_>,.,jll ^ ofii b a jj^JLisJI JJ^Jbtll SsL-JI JiJUj 
Properties of Absolute Values &lkt! jal^ 

H-H W-V? 
H=|#| M*H+IH 



Examp]e2:22: (a) \- Sx 2 ! = |- 5||^| = Sx 2 ; (b) \3y\ = |3||y| = 3|y| :2.22 Jl2i 
Example 2.23: |5 + (- 7)| = 2 < |5| + 1-7| = 5 + 7 = 1 2 : 2.23 Jilt 

Absolute Value in Equations uVjUI y$ AdiMi AajaM 

J^l SJaii j-j a SiLJI Ji<u U ji ci^>- 
Ujup « = 6 <a = -6 ^jUJJ jjSo" U| = 6 ihUJ I .1 
6 a Ujul* A i*J i^jI-j J-^l ikfc ^ a JUu) .b > 0 

.dUi JUu J*JI Jjt^J iiikJI AaJiII j*j ^yip tfjX^i" 

Example 2.24: Solve |jt + 3| = 5. . \x + 3 1 = 5 J*- i*-jf 12.24 Jill 

.t + 3 = 5 or jc + 3 = -5 
^ = 2 * = -8 

.|x-4| = |3x+l| Jurji 12.25 JCU 
Example 2.25: Solve |* - 4| = |3oc + 1|. 

a: - 4 = 3jc + 1 or x-4 = -(3x + \) 
-2x = 5 .r-4 = -3*-l 

= -- x = - 

2 4 

Absolute Value in Inequalities uUjLlUI J& ~&lal\ Ama)I 

<->-jjjJI iLuL&J) 4jal£» \ a \ <^i_jjLuJI b>0 JS3 .1 
J_sl OjSj ik* ^1 a ^ SsL-JI ji vi^-) .-b<a<b 
((2-4) J£i >l ,6 ^ J^l iLiJ J! 0j£ a OM Cr 1 
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-4- 

-b 



o 

2-4 J& 



4 

ft 



.(2-5 ^ 6 ,y J^l jP JjoI a j>£i <ft 

a a 

> < ^ 

-b 0 b 

2-5 jSrt 

Example 2.26: \x - 5| > 3 : 2-26 

x-5>3 or j:-5<-3 
x>8 a:<2 

Parametric Equations 4jJUI jUII uVjUII 

Jljj oJl^ j^jJp J_S" ^ ix JS* aJjUo t j ix ju 

JljjJI oJUk ^ ,.Yj .^wljL; ^ft ,„> ^jJlj / LIU itlJU - jJcw ^ 

,_y_L>cJLJI j^jJLp J?LiJI il^jj jS^ajj . {J ^jJS i^ljUl o^iUJLj 
^ Cjfir t J i>- ^Slw U CjUj ./ J a?-LJI ^JuM Jul** 

,x=l-t :o^ljUI o^LuJL iJu>«Jt '.1.11 Jlii 

.y = 2r + 2 

Example 2.27: Graph the curve specified by the parametric equations 
x=l-r,v = 2f + 2. 
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^i^J J_S3 liSobj .y = 2(l + 2 = 4-2* ^ J^ay iJLxi" 
^Vlj ^=4-2x^^*11 J* Qc,y) 7Lbi\ t 

'* *>* *^**! 0^** 45 ' ffS-i ^ J ^l* ' 4 J^ ^ 43 ' 

•(2-6 




2-6 J& 
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iu>*il j^ij uVaWI 
Systems of Equations and 
Partial Fractions 

uiM\ j& ✓ 

iu>JI ^1 Jibu ✓ 

Systems of Equations uV JUIl 

p__Ji Juf.Jbii" ^JUi« C/)bL*JI f Uai Jj- 

aJjLm JS3 LiJb- LJa*j' j6\ ol ^JoJI 

^UaJI Jjis- iUul aJU* jlLj .^1 oJ^j ( yu s j«JI U«9- 

.Equivalent Systems pJaJl 
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. r lk)l J*- y> jj£, (x.y) = (-4,2) jl :3.1 Jill 
Example 3.1: Verify that (at, y) = (- 4, 2) is a solution to the system 
y 2 + .x = Q (I) 
2t + 3y = -2 (2) 
2 2 + (-4) = 0 LbUJI £-r*;y = 2 ,x = -4 Jjfc Ujc* 
Oi-i oUs!)UI oL* ji W} «2(-4) + 3.2 = -2 <(2) ihUJI 

. r lkJI jjSj(x^) = H, 2) 

.iabJI Sj^aJI oift ^juj .cJy fl, d-*" ' a \ x \ + a 2 x 2 + — + a „ X n = b 
^ f Lk j r LkJI 01-9 S-Li- (IkJI Cifclw JT Cjtf lili 
.Linear System 

. j-Jal** JjjLi . 1 
jjLno j*p j^fl LfoipUiAj i^^Ij ihUj JI-Li-,1 .2 

•li^i *-4^UiftJ ibl*»JI ASU»)I ibU« JI-LiJ .3 



UiU* yJ* J_^J ^.Vl J>1J J>Jlj ^Vl J>u 

Uj-JaJlj tJ^JI ^^Ju iiUJI ljipUu ji <oJb>.JL>- 
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.Jb-lj > J^L I4J ^1 pkJI J^b-ty jLrfl .1 
>l 4 J J J l/ ll r fcJl l/J .jUlll r ap .2 
J ^1 ^ JJ* I4I ^1 pJiJI J 3Us-^|l j.Op .3 

Solving Linear Systems in Two Variables 

.3j> O^lij ij> iJaiJI |JaJI Jji»- Jl>u,j jSlfcJ 

J_S" p—jl .Graphical Method AuLyJI Si^lall . 1 

.(UiUa J_T ^ j j_* p-JtL-JI Ja»Jl) ibliu 
Oi 9 oJlj-Ij i-Lal i>jJaiJI CjJ»L5j lip 

oJl* oU'ljla-^J iblju JS" ^ ^^cJI Jbuj 

jjlc JL*.j)j JiL— 0 jjj. jj& j»lk)l j^S J»jIaiJI CiiUai' li] loi 

o^LuJJ '%>■ o^LuJI jjl^J J*. j£j JjUItj* jl^nl 

.j^a, ^ j,UiJ| o"j!l>JI el* ^Js-I Jixii - jj li^ .J^l 
O^iLjcJI ij±->*\ J_>u .Substitution Method jilpUl 'iLja .2 

r * «(j_S^i li)) JjSft jjJisJI i»Ji alenV ^1 ofcUJI 

LiLkJI oLJLuJI »l/t-i-j .Elimination Method lifcdl .3 
^ J^-lj jJcw JiaJ ial&o jJaJ ^ J^asiil O^iUJI ^ 

.jj-^ll jJoJI 4aJ ^ J j^sJJ jJc^JI lie. 4aJL ^jjcJLj 
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b ta £^s- a = b ojj-aJI ^ SJiU* OJb-j lil 3 ,2 ^ 
lit jJ- ^LkJI jl ^ Jjb lift o\i j*>j\*»z» uUjLJ' 

iJLP JU»-jjj ^ fUiJI j^j 0 = 0 iij^l ^1 CJT 

Example 3.2: Solve the system: :^UaJI J*- i^-ji :3.2 Jtli 

-3x-^ = 5(2) 2jr + 3y = 6 (1) 
(a) graphically, (6) by substitution, and (c) by elimination. 

.Jj^JL (c) .jiy-dli (4) . r ;i (a) 
.(3-1 J£i) ^iUJI ^ ibU. JT rJ l (a) 




j»y* i^dl ^ jTLdJj .(-3,4) J jJWI ^>l£ ^1 ^ go* 
Je J-^s (2) ihLJI «(1) X>\*Al\Jy = 4 ,x = -3 

2(-3) + 3-4 = 6 -3(-3) -4 = 5 

6 = 6 5 = 5 

.flkJi IV Jl^jJI j^JI (-3,4) jj£ ^ 



(2) iJjUJI jLsp-^I Ci\ j^ljj jsfeJI 



'.Js> J-tf» (1) SbUJI ^ -3* -5 jlJidl y tf- ^^cJLj 

2x + 3(-3j-5) = 6 
-7jc-15 = 6 
-7jc = 21 
a = -3 

^ J-^J (2) ibLJI ^ i«JiJI .ifc x ^ ^.^j 

-3(-3)-y = 5 
9-^ = 5 
>. = 4 

. f UiJI IV Ju^^JI >JI ^ (-3,4) 

j—jj. tJ^-«^ J*L<u ^ «3 jjuJI ^ (2) ibUJI Oj-ij (c) 
tikiuj jlJiiuJI ^ ajjLj, 4il ^1 <(1) itaUJI j> J-oLw £» 
(2) ibUJI gwai'j djU^I ,y at- 

-9jc - 3y= 15 (3) 

(3) SJiUJI I4JI LiUy \j \Ut <(1) UjlsJ \ty 

-7* = 21 (4) 
-3x-j = 5 (2) 
(2) ibUJI ^xaaJ^ (^iujdLj <* = -3 «(4) iJiUJI 
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Solving Linear Systems in More than Two Variables 

'tti&.J* j 4 /'^ (J^i J*- j£** 

O^iUwJI ^Ju»-J J_*J .Substitution Method jiujJuJI dil^a . 1 
iJU*)l pi* jl^k^l U li^s .oljJoJI Jai iJip 

iJiUdl dUi - J->oJ <J_?-lj jjJCuO J iJiLw Jp J«a»«j 

.oljJco&JI 

LJ _J* oLJUjJI j .Elimination Method iijla .2 

L« liLi .oljj-oJI JJI jJl^ Js> ^pu Jl 

j^ J Cj > 4_)iU« ^jjp J-*a»«; [ J^~ iJUjJI aim jl jAJ~*\ j£*l 

i*J ^ ' -i-frJ ^ j£*i -^b 

^ jbjli - a, b vi-s- a = * JS^iJI J jl iulj jj&j 

o^Lu jJl_* J! tpjj L* ,0 = 0 J) cJjw" ofcUJI ^ jiS"! jl 
JL>-jjj Jiiv mA j^-fi jjSo j»LkJI j^S oljJiiJI iJL* Jsl iftiUto- 

o^u-jj V j£„ aau* jr j*. jl ^ jpji y iji* 

•^1 
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Example 3.3: Solve the system: IflkJI Js- Jb-ji 13.3 Jilt 

a-3.v + 2z = 14 (1) 
2jr + 5.v-z = -9 (2) 
-3jt-v+2z = 2 (3) 

.iJJbJI ii.^U ^IjLi^l (b) J jiujdl iijk fljii^lj (a) 
(a) by substitution and (b) by elimination. 

^ x iUi.} (1) *bUJI (a) 

x = 3y-2z+H (4) 

^ (4) iJiUo j_« 3v-2z+ 14 jljJuJI lifc * ^i^dl} 
(3) <(2) ^iUJI 
2(3>--2z+ 14) + 5y-z = -9 
-3(3>'-2z + 14)-y + 2z = 2 

jl Lii.ivlL} 

lly-5z = -37 (5) 
-10y + 8z = 44 (6) 

Ol Jc« y (5) ibUJI J*uj 

(7) 

II 

.(6) ibUJI ^ ^Ml J>JI y iuJ jiiycdljj 

-50z + 370 + 88z = 484 
38z = 114 
z = 3 

^^JUj .> = -2 jl Jcy (7) ibUJI ^ z i*JL jiyidly 
OjXj .* = 2 yj* J^*J (4) ibUJI^z = 3 jj = -2^ 



.(2,-2,3) y-TjsIl by*i J-N 

x JL?- y-to- (2) ibUJI (1) ibUJI \Jm*& ^Jai (b) 
: jt J^i (2) y 

2x + 5y-z = -9 (2) 
- Zc + 6.v - 4j = - 28 (- 2) Eq. (1) 

Il.v-5z = -37 (5) 
Jj— (1) SJiUJI Jli»i SJ^J iiU^ (3) ibUJI ois JiJlj 
:(3) S)il*JI y jc Jjb- ^1 ipjj 

-3.v-v + 2z = 2 (3) 
3x -9y + 6z = 42 (3)-Eq.(l) 
-10y + 8z = 44 (6) 

jA-JI J^JI ^ ^1 JJbJLj (6) <(5) r lkJI J*- ^>.J 
.(2,-2, 3) Up J^l 

lu>*ll j^JI jibu 
Partial Fraction Decomposition 

.Proper LliLis- ^-SJU g Vj 3 Jsi/i^-ji cJlS" li^s 

L^Jb jI^ajj .Improper ^Jlj»- j& 
ii ^i/i^t jfi- ajUS' j£u j&- aIjLJI iifti.SlI 

^ J*Lp ^>j4> j^U^ * jjJL^ ijjlf ^1 ibT C> 

^jip cobs' ^jSLkj, g *Av> { J^>- jl Si'i gujj -^y" 5Jjp 
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o J( J& ^Uw \jfj> J£) iibs^jt jy^ *&yi>i* ijye 

£j*>ia£ oUf oil* I .Jw>- jtf jr*t, ~i 13.4 Jli* 

^yLiis- ^r-Tj JjJ^- i'^i^J 

Example 3.4: j is an improper rational expression. It can be rewrit- 
ten as the sum of a polynomial and a proper rational expression: 

^~x-i-L. 

Jt + 1 X+l 

o£J r iiJi jjuj j&u. j** ^ :3.5 

> Jii ^ j^Jl JJ>dl Ojt. r * .*> + 1) 

" r+x , i+l 

Example 3.5: ^LLl j s a proper rational expression. Since its denomi- 

Jt + x 

nator factors as * 2 + x - x(x + 1 ), the partial fraction decomposition of 

2x + \ . 2.v + l 1 1 . .. . , ... . 

—s — is — = - + , as can be verified by addition: 

X + J X'+X X x + \ 

I J_-_ilL x - 2x + [ 
x + x + \~ x{x + \) + x(x + \)~ x 2 + x 

• ijiw* JjoI^jP J ^^Jj iuliJI i>-jjJI jj» ^lidl 

Example 3.6: -^j-y is already in partial fraction decomposed form, 
since the denominator is quadratic and has no real zeros. 
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^ jJS Jy^\ ,Si\ >\>oi S«r*JI oljUll jjfc o\ 
i^i^ ^ J^a>JLl 4a,,, ill iJu* lJj>«is ^yLi*- j*t _ r — S3I jlS" 

J_*|jp J-*»L>- s aJUU^' J** fUJI SjLsS' jUi' .2 

Jjli ^ ioliJI i-rjjJI jljuLo^(ar + fc)%j^l^SJ^ 
-(ox 2 + bx + c) n i jj^aJI J JJUJU 
J*»l»tS" i*Jj>JI j» '*f-yn*j> i r *& (ax + bf ^y> J^l* J£l .3 

A { A 2 A m 
ax + b (ax + b) 2 (ax + b)'" 

4_pja>»* i.. vCy (ox 2 + fat + c)" JjoU J£J .4 

5|.r + C| flg + C 2 y + C„ 

(u 2 +fcr + c (ax 2 +bx + c) 2 (ax 2 + bx + c)" 

,[yuS JU,J*J pJO. <J^> O^loUo C, .fly C->- 

5 (4 oljJaiJI ^ S-ijjJI J3— S31 ^Jjl — — i" f/g £*aj .5 
.jJ^JI ^^^UJI 

.aJ^Io^uji^ Sj-lVi aji*ji > J*-,,! .6 
;l.l^i sbuji j»j h\ji\ ii.>ji ojSo-j 
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.jj Jai I ^ iib>*JI x ^ji O^UUo SljL-o .3 
4 

Example 3.7: Find the partial fraction decomposition of —t — . 

x -1 

.(x-lXx+i) JlS-l f UJI J^- ^ ^31 IJ* 
jj-^lj x.-.\ <j>\ju L_4jkJjv| ^Jj?- ^J*^ ^ Oj^J. p» 
^ii dUJJj .* + 1 <ulio 

_4_ = A_ 4 2 

A 2 -I _ JC-1 + J+l 

i«.LVl itabwJI ^ Jy&il x 2 - 1 ^ j-SjJaJI 

4 = /4 , (jc + l)+/l 2 (.i- I) 

4=/4,.v + A | td^'-^, 

jl Jb»o iAbidl a: ^JjS ^a^ojj 
(k + 4 = 04, +/1 2 )^ + W | -A 2 ) 
^jL-ji" jl j-J> ±> )te x ^-»j»J **y?*+fi ajjLjoJI jj& ^^s-j 

A ] +A 2 = 0 (xjal*.) 
Ai-A 2 = 4 (coljiJI) 
jj-^IOj-So ^LJJbj/1^2 ,/l 2 = -2 <U ^IkJI 
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_4___2_ -2 
x 2 -]~ x-\ + x + \ 

Alternative Method ibAi "ilija 

tfrj i;jj>ji jy js\ jr cjit Jiis lib li^s .iiiUJi ^ 

J-f JuJud iyUI iilS" |»J JUa jjSo. ^ Ail iSjA 

.iL.jJI iiJaJI flj^iJ J^ii. 

JLuJI ^ i^LSlI ibUJi > J iljJI ii>JI f J^I :3.8 Jlii 

.JAJI 

Example 3.8: Use the alternative method to solve the basic equation in 
the previous example. 

4=A l (x+\) + A 1 (x-l) cJtf 4~.L^I ibUJI 

4 = A,(I + I) + /t 2 (l-l) 
4 = 2/1, 
A \= 2 

'•J* Jm«*x = -1 ^ j*^^ 

4 = A 1 (-I + l)+/t 2 (-l-l) 
4 = - 2/t, 
/\ 2 = -2 
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i/. (;r + 1) V + 1 ) ^ w 
2jc 3 -4;c 



Example 3.9: Find the partial fraction decomposition of 



(x + DV + l) 



.Li-Li ji 4-J}sJI jj— £)l jUol US- lijJj (Jj £j> ^^jJai- 

■Upr j^S jL^y.lVlj l) 2 j jc+ 1 ^ V jL^I 
^jjj jr 2 +l <(x+l) 2 <x+l Ljj'ULiu 
_ A, | A 2 | B t x + q 



> (x + 1)V + 1) J &J1\ X 

2x 3 ~4x = A l (x+\)(x 2 + \)+A 2 (x 2 +\) + (B l x + C i )(x+ l) 2 

Iv 11 - 4a- = A | A' 1 + A , a 2 + /» ,a-+ A | + A 2 a- 2 + A, 
+ B/ + 25,a- 2 + B v x+ C,a- 2 + 2C,a+ C, 

2A- 3 + 0A: 2 -4A + 0 = A :i (/l | +fl 1 ) + A 2 (A l + J 4 2 +2fl l +C | ) 
+ jrW, +fl,+ 2C,)+ (A, +/*,+ C,) 

jj_9 o^Lw ^jL-j ^ Jb )U x (♦Ji J£) 4**»»c*> ibUJI j^ScJj 

A,+B,=2 (jc 3 J^Im) 

A,+A 2 +2B,+C, =0 (x 2 J-oUo) 

A, + B, + 2C, = -4 (jcJjIm) 
A, + v4 2 + C, = 0 Cul" 
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y>j ,C, = -3 ,B, = 0 <A 2 = \ ,A, = 2 flkJI Ij^J Jus-jll JJI jj&j 
I^-HJ iJj>JI jj& |*j 

2* 3 -4;t _ 2 1 -3 
(* + l)V + U~.r + l (.r + l) 2 ,v 2 +! 

Nonlinear Systems of Equations 

JjJb- 4J Ju>-jj, Jj 4J JLj;-^ "J Jl_9 ^^LiJI jj- flkJIj 

jJLjj 4_bl*« J_S" ^.y .Graphical Method luLutl ihjbi\ . 1 

Jj_U- jUu I 5iU oiflj j^AJj .^LLD AJLi»JI 

4Jli LJlall^tJI j>)l JAST I.JL* jflj .^^LtoJIJ^UU 
C/M-*JI (5-Lj*I J^- j&u .Substitution Method jdJjiDI 4i^> .2 

^j— U ol JUjJI lij^i" .Elimination Method jlaJI 4ijjJb .3 

jjJ^ lJIj*- ^^s- 4_ul& jji; ^ylp Jj-^*JJ o^iUJI 
IL* jLj»-yJ ij>«i"UI LbUJI J^>uj .iJus-lj DaUa Jb-lj 
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Example 3.10: Solve by substitution: 



.•jj^dii r ik)i y :3.10 JCU 



* + 2y=ll(2) ^ = x 2 -2(l) 
J* (2) ibUJI ^3 (1) ibUJI ^ y & jiydl 

x + 2(x 2 -2)=\\ 

'.^Js- J*£*j X iaJ elk Lib) I 4bl<U JsuJ 

2x 2 +.*-15 = 0 
(2*-5)U + 3) = 0 

2jt-5 = 0 or * + 3 = 0 

x- 5 - x = -3 

2 

Jt. J^«i (1) *hl*JI ^ oi* x jt. joijxilj 




>> = (-3) 2 -2 = 7 



x = -3 UJUft 




Example 3.11: Solve by elimination: : JJbJL f IkJI J?- 13.11 Jill 

* 2 -j> 2 = 7(2) r+r=l(l) 
i_bUJIj (1) ibUJ! ^ i^UI SbUJl (2) ibUJ! JIju-,1 



:^KJI f IWI > >~ (2) 



A' 2 +>' 2 =1 (1) 

2jc 2 = 8 (3) 



jl x jUiV (3) ihUJI J»j 
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: J* J^i (1) ibUJI J x jiyJLj 

/ = -3 C= 2 2 + /-=l :.v = 2 Uxp 

>' 2 = -3 c= (-2) 2 +y=l U— 2 Ujh* 

(2,iV3).(2.-,V3),(-2,,-V3),(-2.-,V3) ^ J>JI Ojfcj 
J-ii .Ue- iiLJI jjlJI ,y SJ* j;j £»*J1 jLvVl ^i*; 

i--/bH JjJbJI ji^i r J\ ii> .JtfAj i^flJI J^UI 

-J— a»l J>» l^ljAfiJ iujuin jjfcj ^ ^tj 
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Jul J\ aill 
Analytic Geometry and Functions 

^jan ✓ 

4uUJI jOlj u^PyJI ✓ 
Analytic Geometry <UUbull ^Udu^jl 

.J— 4_UaJ jL»LLiLiij oL_J'ljL5-)!l jjIm jLt^j iiJiaJI 

(Jji— « Oljljb-}|l jl»-Jij jljJPcJIj .J jjA—J. ^ij 

dJUJIj ^Ullj Jj\|l jybj l*ljf jkJi iwji ry 

gJS H ^j^l jt\ JuJIj .IV ,111 .II ,1 jl e y |j 

(«,f>) k^-j'^JI ^jjJI jfj jb-ljJ ^b" Jb-jjj 

Mi* .(4-1 JSLi) u»Lf|j».yi £js~» yi biljll JuJIj 
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.iki^ JiUij i_J>JI ^jjU 



II 



4-1 



rf(P 1 ,/ J 2 ) = V(^-^) 2 +(.V2-.V|) 2 

.(4,-1) ,(-3,5) j,vh«;ll ^ aLJI 14.1 Jl£» 
Example 4.1: Find the distance between (- 3, 5) and (4, - I). 

^-s >^Lj P 1 (x 2 ,y 1 ) = (4,-l) jlj /»,(i„ y,) = (-3, 5) jl jij-i 



d(P ] ,p 1 ) = -j{x 2 -x,) 2 +(y2-y\) 2 

= V[4-(-3)] 2 +t(-D-5] 2 
= V? 2 +(-6) 2 =V85 
c ljjSl J.S3 ^LJI ^ ibUJ ^Ul JS^JIj 

j_« 0^->^ ,JJ * 0? .i)il*JI ^1 (a, b) 

ik^JI i_Lja)lj oLrfu llilS" ^-.^Jl JaJaim jjSLi Jjl>JI 
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.x-2.y = 10 ihUJU ^sUI JSLiJI ^jt :4.2 jdu 
Example 4.2: Sketch the graph of the equation x - 2y = 10. 
^LJI J£iJI Oj^j. <l*~j Jr-^b J"^ p-yj Jj-^- (XJ^i 
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10 
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-« 


-5 


-4 


-3 


-2 


-1 


0 




4.2 JS£ 



Intercepts Ikjfaull *l>Vl 
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^_-i>jj 6jU«j,J -y j- 4 *.r^^ y jy^^ 

.y i&J aUolj x = 0 

10 jjLJI JLuJI ^ x ,y ^jkaJI *j>JI :4.3 Jlli 
*j_*JI L*i .(10,0) 4 Ju-JI >Up x gLb y-u^JI J&JI oS 

.(0,-5) Skid t^y 

Example 4.3: In the previous example, the x-intercept of the graph is 10 
since the graph crosses the x-axis at (10, 0). The ^-intercept of the graph 
is -5 since the graph crosses the y-axis at (0, -5). 

.y = 4-x 2 ur ^uJJ fejLull p\ypH\ J^-ji :4.4 J& 
Example 4.4: Find the intercepts of the graph of y = 4 - x 2 . 

y j» ^jLuJI fj*JI jj£ l y>jy = A-0 1 = 4 ji Jl>J x = 0 
jj_& dUjuj x = ±2 jl <0 = 4-x 2 ji J^>> = 0 j>^»yj A y> 
.+2, -2 y*x ^ j-jWll f j*JI 

Symmetry JjUjLJI 

i^l iU-Jl; ^i'Ui* j^jSo 

(a, b) cub L» L ^^uJI ^J* (-a, A) 5LS JS" C^IT bl j> jj>- .1 
(a, b) cub U yto^JI ^ (a, -6) SLiS JT CJlS" la) x jyu> .2 
(a, 6) c^b Lo Lr J^JI ^ (-a, -6) CJIT bl J^Vl iU .3 

>LJ ^JI J* 

^ (a, 6) c^jib U ytojJI (M)cJlT bl^=xJ»iJI .4 

.^1 
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:j5uai u\jlu*\ 

^j-^idl j|J iJiUJI j-ii ULas-j -x j x UjuiJ lit .1 
.y (jJJ iu-JL ^Lio jj& 

^^w^JI j|J 4_tal*dl ^ ^ bJUas-j -y _j y U-LiJ lil .2 
..x jj*»*JI i*-Jl ^l % Uia jjSo 

^Ji ^1* UWj -! y oijJI jJi Jj -x _j x LJjliJ lil .3 

.Jv»Vl ilii! i*-Jt "%'\j&t jj£j ^/xiftJI jj» iliLftJI 

o^ui oJl* ^ ^> Jj^ji jS^ji > ^ 4ji 

.ii-^illo^UI^ 
iliUJI ^jJj ^ UUas-j x _j y LJ Jl^J Qujj ^ _j x bil^iJ lil .4 
. y = x i*>JI ^1 i*-JLi jjSo. LJ i>»iAJI jli 

.1*1 yjUl J&JI r jlj y=4-x 2 ibUJI JJL* 14.5 Jilt 

Example 4.5: Test the equation v = 4 - x 2 for symmetry and draw the 
graph. 

_^Jai- jj iiiUJI ul J*i><=4-(-x) 2 = 4-r j\?-x->x UJLsJ lij 
.(4-3 J&i >'l) y jj^J i~Jl 2HfUa* L5 J^«JI OjSo, iy 
UjUJI ^ I^Ju' - i y = 4 -x 2 j^s -y _j y ^ ^jjcJIj 

.X JJ9<aJ iLwjJLj Jj'LjU ^>%XtS\ jl ^J«J Uj> 

US") J-^Vl iki J ^^^uJI jjSo, jl ^jSUJI 

y jjj*JI Jj-»- JJ'L»i» {J -&tZ*}\ jl vi-s-j .(i&LJI it^>JLJI ^ 

jj^miJI 1 _ r £*J |J SJ^" Jl* x ^ ^ ji j*i 
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- 63 - 



4-3 

Lf-y^A ^ Oj-& r>0 Ljivaij C(h,k) \*£ y> J&\ SyljJI 

ol-b-jJI j-a r C -UJj ^ji-JI ^ iUiljJI JjI&JI 

•(4-4 JS^) 




4-4 Jtt 

r>0 kJ^j C(M) U/yi ^\ SjJIjJI yiSo- ji 

.(jc — A) 2 + (y — Jfc) 2 = r 2 (i-Li Sj^) 

J\ ibLJl ,(o,o) j^^li ska y s^jIjJI oir lib 

.iJb-^ll Sy'lJb S^jIjJI ( _ j *-^s r= 1 cJlS" lijj 
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Functions Jlj4J! 

y j_*ai*JI .The Domain illjJI jLLj D ip^»idl ^j*— jj .£ 

Jup /iJljJI in-i jl ./iJljJI c^j' x j-auJI E ie^Aj>»dl jji 

E 4_fr_yw>*JI j_* iJjdl it^^-dl ,y>— o ./(*) v^'j * iLiJI 
J .The Range aJIjJI ^Juu D U* JS" ^ ^yJlj 

i-PjAPudl (J Jk jj-So'j «4-gr.'>r. < 9ll iljLC-Vl if-^AJ** ^ £ j J&S 

./Truth) = 5 u. v<"j 5 iJbJI "Truth" fj*<a*2 Sii>j .(20 

./(President) = 9 j /(Right) = 5 </(a) = 1 Si iSj 

Example 4.6: Let D be the set of all words in English having fewer than 
20 letters. Let /be the rule that assigns to each word the number of let- 
ters in the word. Then £ can be the set of all integers; R is the set [x e N| 
1 < x < 20) (i.e., the set of natural numbers less than 20)./ assigns to the 
word "truth" the number 5; this would be written /(truth) = 5. Moreover, 
fo) = 1,/lright) = 5, and/(president) = 9. 

^ g •i-JLJ^ 1 jlJUs-S/i J-f Lt-y^A ^ Dj\j>jk> 14.7 Jill 
.&a + b) ,g(-4) <g(4) ^ + ! J«j ydl iiJipUJI 

?g ^JLo jjb Uj 
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Example 4.7: Let D be the set of real numbers and g be the rule given by 
g(x) = x 2 + 3. Find: g(4), g(- 4), g(a) + g(b), g(a + b). What is the range 
ofg? 

g (4) = 4 2 + 3=16 + 3=19 g(-4) = (-4) 2 + 3=16 + 3 = 19 
g(a) + g(b) = a 2 + 3+b 2 + 2=a 2 + b 2 + 6 
g(a + b) = (a + b) 2 + 3 = a 2 + 2ab + b 2 + 3 

yS\ Lijlj iX-S- ji iks-}Lj g J i^xJI jUw.J j^AlJ 

0>£ JUlj g(x) = x 2 + 3 > 3 Oj-S;. ,J j*j >^JI lSjL., jt 

.{^ e R|jk2:3} ^»g(iJui 

JSLiJL_> isw>jJI ojj-^JI ^.i,-h.v,i„V U ul*$ ./: x -»/(*) jl Z) _ rS <*^ 
•3IJI Si^lp j^J 4-5 




4-5 J& 



.SJIjJJ ^ jUaJ ^i ji l/ U«ill jUaJU 5pj**aJI 

JIjjJJ jlk ^i Jb-ji :4.8 Jli» 

Example 4.8: Find the (largest possible) domain for 

(a) fW = £z ^ (b)gW = Vjn (c) /?(jr) = jt 2 -4 
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ja / Jlk o^. Ii» x = -6 Ujllp x + 6 = 0 
.{*€R|x*-6} 

xZ5 o'\ j'\ x-5>0 0j& UJup bJi>c« V*-5 jlJlUI (6) 

.{xeR|;t>5} g illjJI Jlk jjSo diJij 
JJjbj 4_JLiJI iljL_P-S/l b-JLj*» r-4 jIjUuJI jjSo (c) 

.fl y> h aJIjJI jlk 

i£»JI LiJI J£) ^Ul J^l /iHjJU yiUI J^l 0£. 

■y=m if J J\Li\ J x (x,y) 

The Vertical Line Test o-ijil 

(J _J^ ^Jai. jl j£u A' = C ^ i )\ JasJI j^j J =./(*) j| y J 

luftlj ^uoiUUi .odul>Ul JijoJi 

Increasing, Decreasing, and Constant Functions 

f itajJ - /(x) 4_aJ jU" <* JjljX-j UjULCj UijX X £**J . 1 
/ -JljJl jl_9 j_*<jl ^1 jLJI 4)tjJl ( _ f ^4 ^tfrf, jw' 

^yJI aJIjJI Lo( .SjiiJ! ^ Increasing Function i±>\jj> iJta 

.o-bl_p> SJb l^iL (J yci Ljilk J}U- SJbl_}^> jjft 

- 67 - 



'LaJ c~*3Ltf x cotajl Lais' lijX ^ x ^3 ^a*J jtf" lil .2 

Loi .ii^l Decreasing Function i*aSliu Slli ( _ y A-j - / iJljJI 
S_)b LjjL Jj-ici l^jUaj J^Lv iUaSLx* iJljJI 

Jai- aJIjJI jjS^j (i^i j*** - |J *JIjJI i»J ColS" lil .3 
jjX' ( _ J __JI iJljJI Ul .Sj-i yi ioU SJb <yw SJIjJI o^s 

.Constant Function iatt iJb l^L «J^ci LjiUaJ J}U- ioU 

/ SJIjJI JUw ji ,f(x) 4)1 Jl y^U) 4-6 JSLi 14.9 jCU 

Example 4.9: Given the graph of/U) shown in Figure 4-6, assuming the 
domain of / is R, identify the intervals on which / is increasing or de- 
creasing: 




-2 2 4 6 * 

4-6 J& 

x = 2 ^ ^aSLtf y jJJ ,/DIjJI JjU* J^U- x Colijl US' 
yi »Julji4j (—.2) i^l y» iJljdl JjSu |J J*3 . ±>\jX3 

.(2,m) 5/a)I 
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Even and Odd Functions 3u^-jjJ) JljJJI 

t**^ /(-*)=/(*) ol lit vrjj SJIj l^I /iJIJJJ Jl& .1 

4_JljJI j^s -* x Jjua-J UiiP )> =/(*) SJiUJI ^Jtf 

jj9*n 'jli'Lio jj& ijrjjll 

y ~>-y J-lji-j a _j j-o JS" J ju^o' \j>xs.y=f{x) itaUJI 



Li c-J ji ^ ji Juffl JljjJI cjIT lit U jj^ !4.10 Jlli 

Example 4.10: Determine whether the following functions are even, 
odd, or neither: 

(a)f(x) = lx 2 (b)g(x) = 4x + 6 (c) h(x) = 6x-Tx (d) ^W = ^ 

-/(-*) =f(x) jl f(-x) =7(-xf = Ix 1 . jl J^h5 /(-x) ^pI (a) 
.i^-jj XJb/ jj& 

jl g{- x ) = 4(-x) + 6 = -Ax + 6 :g(-Jt) J-JLJLj (£) 

> gM *(-*) j* 3tf ji vi^-j .-*(*) = -(4* + 6) = -4* -6 
iJljJI oji j-ftjt-*' Ou\ -gfr) ,g(-x) jl US' j~jjLx« 
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j^i />(-*) = 6(-x)-V I 7 = -6x+& :*(-x) JiJly (c) 
.ijjy SJb A JjSuj th(-x)=-h(x) jj& 

* t F(-x) = - JLy = -_±_ :F (-j) ^1 JiJ Lj (d) 

jj. Cij F(-*) ,-Ffcc) 01 US' .^jLa F(-*) = F(x) y> K 

."x ^ y" **) {JJ*z~>. 4^ y=f(x) cJlS" lil oliJjJI ^ 

.gUI yj\j Jis-JI ^isJL x jLiij 

oU* ^ SJIj^ ^S^IjJI^L^y^ /4 = 7t/ ; ii r ^JI t y :4.11 Jill 

SJiUJI oifc J»«j- is-L-JI iJljS' jLaJI ci^ai r jlaiJ! 

:0I J 1 .A r 

Example 4.11 : In the formula A = nr 2 , the area A of a circle is written as 
a function of the radius r. To write the radius as a function of the area, 
solve this equation for r in terms of A, thus: 

7t V JI 

Algebra of Functions Jljddl JJ* 

ift—jiJU yyiJU j-^IsJIj £*>«JI oLUp j£w 4j^j g i/ j~Jta 
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jikiii 






x r* Jf a 1 * i*!** cr 11 ^J**^ 1 

■g «/ j* J* jUai J bjrjJI 


if+g){x)=f(x) + g(x) 




■g 'fj» £ j ~*yry& 


(f-g)(x)=f(x)-g{x) 


C> 


•g </> tf^J HyryJ\ 


(/g)to=/M.gW 




•g J 5 " ^jtoyrrtt 







.Lfw. jlkj (/7g)(xb 

Example 4.12: Given /(at) = x 2 and g(x) = Jx^2, find (/+ g)U) and 
(//fc)(jc) and state the domains of the functions. 



g jlkjR y>/Jlk jlvi^j (/+g)(Jc) = /W+gW = Jf 2 +VT :: 2 
.{jteRU^2} j^**JI SJb Jlk oi* {xeRU>2} 

/+ g 3LL 4-« j. siijji oi* jib o^j (7)^=7^=7^2 

.{xeRU>2} JlLJI jl^l g(x)*0 ol ^iUyi JuiJI^ 
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Example 4.13: Given f(x) = x 2 and g(x) = Vx-5, find fog and state its 
domain. 

/•*(*) = f( g (x)) = f{4x~^5 ) = fVT^I ) 2 = x - 5 
{x e R|x * 5} g jLLi Of Lwj J? yJ /»g jUu j£j 

.{xe r|x>5} 
./og.g./^is^U-? J&Jl^j 



fog 3^ 




/og^ 















4-7 



One-to-One Functions JbJb-'Jll JljJJI 

JT jlT lil iaUi \#\ * UIjloj Z) l^ilk ydl aJIjJJ J 11 

:SJUJI ial£JI J^yiJI Ji^i yk«y lil ijUl jjSi- UIjuj D 
.£> JlkJI yi « = v t)Ji ^JuJI yi /(a)=/(v) OlS" til .1 
./? ^juJI yi f{u)tf{v) Ois 0 JlkJI yi M * v otf lil .2 

SJb C~J/jf g(x) = 2x < /W=x 2 oil* lil 14.14 Jlii 

.SjiL>-I i)b g (iaU-f 

Example 4.14: Let/W = * 2 and g(x) = 2x. Show that /is not a one-to- 
one function and that g is a one-to-one function. 
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/4-lljJI jj_£i /(3)=/(-3) = 9 ji LJLtj .R jjb/SlljJI Jlk 

.ijU-i c— J 

iJL-P ji lUtfjS lilj ,R jAg iJljJI ^Jis} jUaJ ^ JS" 

kilJJbj jc = A/2 ^j-fc A _J SJjUJI oJl-j-jJI * jj_9 k = 2x d-s- ^^iJi*- 
.iiU-l g jj& 

h ; .^IL-i Jl>-jj /iiU-Vl iJljJI jlk ijy j» <u^s 01 

£_ki ji ^j=c ^JS^I Ja^iJI d\J y=f(x) ji 5JLs-t^ x 

.4_j,jUi SJb (^y^io ^y^iaJI j^S ikiJ J* jifi ^ Lf !*«iJ! ^'"ill 
.^Vl JaiJI jUs-L lift Jyoj 

Inverse Functions < U inSoJ) JljJJt 

R ujy J-£J ji C ,■>• .R L*ljLoj £ l$slk iiU-t i)b / ji ^yij 

ei-j.ycoj <y=f(x) ji D jLUI ^ SJl^Ij at Ja^l Jb»-jj 

^-Sou g j|J g (»=;<; ji R Uljutj D LjiUai g iJljJI 

./■' w ^ I* 

• ; - - Wit* 7'Y ' 

./ilLu 3b ^ i~£JI SJIjJI aU^j 

.iiUi/ ji Jjuni' .1 
.(jJUi WijjX sL*t}y = /(x) iJiUJI Jp- Jjpjl .2 

x-r 1 (y) J 3aU* JU. dUij 
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(^j-ImjJ .2 SjJa»J1 ^ i>yry*S\ ibUJI ^ J/ j X JjLi' .3 
.>> =/"'(*) J£i)l^ibU 

./W = ^j SlW) i^l SJIjJI :4.15 Jill 

Example 4.15: Find the inverse function for fix) - — — . 

x + 3 

ol g^./(«)=/(v) oi .ioU/oi ij\ c-ii 

2 _ 2 
h+3 v+3 

(M + 3 )(v + 3 ) ._L = _L.(„ + 3)( 1 , + 3) 
u + 3 v+3 
2(v+3) = 2(« + 3) 
2v + 6 = 2« + 6 
2v = 2k 
v = « 

y(x + l) = 2 
yx + 3y = 2 
yx = 2 - 3 y 




/-'(*) = --3 ^ J^»JJ y j x Jj.J-ij 
.y = x Ja>JI Jy»- SttUu y-f\x) !>»=/(*) oL^io jj&'j 

Transformations and Graphs uLuAitlj Ci)hyui\ 
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^LSU^Ij .(J«*ll) ^L^l ,(J^JI) Sjayi .5_^!tfl ^ La 

4-8 J_SJi ^ j-jJI l^Jj g =f(x) 3IJJI M jlS" lij 

1( y?«iJI ^ ij-^l ^'li' iiyu -O^s 

Vertical Shifting IJjII k-ljVl 

y =/(x) O-lJI ,^-0 <uii y>j£> t k>0 y=f( x ) + k'^ 

^y= f{x) - k aiJi .oi^i ^ * jij^uj c i>ji 




4-8 



JljjJI jl 4-8 JSLi j S^bjJI v-L-Vl iJljJJ 14.16 JlJU 
liDtfj (4-9 JSLi) ciLMjb-^l r U* ^J5 ^ y =/(*) + 2 ,y=/(x) 
Jli) oLflj^l f^i a-* ?=/(*) -2.5 .y=/(*) JljjJI rJ l 

.(4-10 

Example 4.16: For the basic function shown in Figure 4-8, graph y =J[x) 
and y =J[x) + 2 on the same coordinate system (Figure 4-9) and y =f{x) 
and y =J[x) - 2.5 on the same coordinate system (Figure 4-10). 
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4-10 J& 4-9 

Vertical Stretching and Compression ^(>tl jbU£VIj ilUsVl 

y =/(x) aJIjJI ^* c> 1 Uju*y=a/(A.-) ilUI OjSo 

Ujmp^ = a/(x) iJljJI -o jIj^uj^ jj>»*JJ JUaiJ <u£)j 

4 t ^JL ^ji-siol 4_^Jjy=/(,v) iJljJI ^^Ji^ y> jjSo.0<<7< 1 

j y=/(*) j^jl .4-8 JSLi yi i^^JI Sj-LSI aJIjlU 14.17 JlSrf 
aJIjJI ^ viU iTj (4-11 J£s) oLJlJ^yi r Uiu ^ J y = 2f(x) 
JSLi) oUiJ^I ^ u» > a j/W aiJJIj <>>=/(*) JIjjJI rJ l 

. (4-12 

Example 4.17: For the basic function shown in Figure 4-8, graph y =f(x) 
and y = 2J{x) on the same coordinate system (Figure 4- 1 1 ); y =J[x) and y 
= 1/3/0:) on the same coordinate system (Figure 4-12). 




Horizontal Shifting Aitfftl 

v = /(x -h) liUjS'j .olJb-jJI ^ h jljjUj jLJJ ^ji -u£)j 

^jJI ^ji 4_jlS3j ;'=/(*) iJljJI <~Jt y> h>0 Ujjlp 
.OljLvjJt j< A jlJiiuj 

JljjJI ^ r jl 4-8 ^ i^jJI i^L^I flldd) :4.18 Jill 
dUiSj (4-13 JSLi) oUI J^l f & o-i t> y =/(•* + 2) ,y = f(x) 
jXi) oUlj^l r UJ ^jy=f{x-\) ,y=f(x) JljjJI rJ l 

.(4-14 

Example 4.18: For the basic function shown in Figure 4-8, graph v =f[x) 
and y =f(x + 2) on the same coordinate system (Figure 4-13); v =J[x) and 
y =j[x - 1 ) on the same coordinate system (Figure 4-14). 




4-14 J& 4-13 J& 



Horizontal Stretching and Compression Ja&H j«U£tf Ij 

y = /WiJIjJI y. <j> I JS3 y= /(ax) iJUl o&. 

DIjJI ( _ j -^> tiiJjSj <d JaUJI jIJUJaj X jJ?i»Ju" i-JL ^Ia&I <u£)j 
. \la jIjuuj a: jj»«aJJ i-~Jlj JUaiJ 
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JljjJI J** r jl <4-8 J&J'i*^^ *^L.H\ SJIjlU 14.19 Jlii 

p—jl dUjS'j (4-15) JXi oLJIj^I fUa ^ y-/(2x) 

.(4-16 JSLi) oUIj^I f Ub ^ ^/(V) <y=/W JIjjJI ^ 

Example 4.19: For the basic function shown in Figure 4-8, graph y =)W 
and y =j{2x) on the same coordinate system (Figure 4- 1 5); y =J[x) and y 
=fl.U2x) on the same coordinate system (Figure 4-16). 




4-16 J& 4-15 J& 



Reflection with Respect to a Coordinate Axis 

4*&ul Juu.V=/M *JljJI ^ji^ ^Jj 7 = "/"(*) SJIjJI OjSo 

IJ _^-o j_* .y =/(-*) *JIjJI LJ i>«i* JJiSj «x jjxji 
J_&) oU-|j^)II ^^-/(x) ,y=/(je) ^JIjJI ^.jI 14.20 Jll» 

ou-u^i fUu ^ >-=yi;-x) «>»=/);x) j^jijJI viiiisj (4-17 

.4-8 J S^jJI JL.LYI 3W1 dUij (4-18 J£i) 

Example 4.20: For the basic function shown in Figure 4-8, graph y =/(jc) 
and y = -.fix) on the same coordinate system (Figure 4-17); y =f(x) and 
y =J[-.x) on the same coordinate system (Figure 4-18). 
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ULuii ijiitiij lyytt 

Algebraic Functions and 
Their Graphs 



jjaall uljrdS ✓ 
V^l JljOll ✓ 

Linear Functions 4da»)l JljJil 

JSLiJI ^ biplib COJbii' i)b J\ ^ iJaiJI SJIjJI 
"J! m = 0cJ\J \i\J ,m/0C^ f.x-*mx + b 
'*ai\S i)b /(a) = i> illjJI ^j*— i'j <Uas- iJb 
iL- jjS^ dnJI iJljJJ Lib ^Ul y^-Jlj 
.Liil r»,av„,« Iki- Lib OjSLs iobJI aJIjJI ^^^ju Ul . \* , 
US' liyco J jj^JI jjlji H jjJI ^JuuJI iiJJ J^JI j£j 
»LLp) jiUJ ..L»JI J* Sailj JmS (a 2 j 2 ) .(*„)',) Ol jiyL Ijb, 
:<s%JL Ja>JJ J^J! 
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.v 2 -v, yj^ fm.) 
iLiJL jl\ j,jL»d jjji j^ji :5.i jii* 

Example 5.1: Find the slope of the lines through 

(a) (5,3) and (8,12) (ft) (3, -4) and (-5,6) 

d\s (8,12) = (x 2 ,y 2 ) j (5,3) = (r„jf,) jjy. (a) 

ffl= y 2 -y, = i2-3 =3 
jc 2 -jc, 8-5 

0^9 (-5,6) =(x 2l ^) j (3,-4) ^ (6) 

m _ y 2 -y, _ 6-(-4) _ 5 

jc 2 -jc, -5-3 4 
Horizontal and Vertical Lines luii jllj 2u2flVl ^b&l 

jl kl^-**- < ji*a)l (ijLu. 4JL0 (x jy^i JaiJl) ^ii'ill Ja>JI 

JaiJI ibliuj .}> oLS"ljL»-)fl ^-ij U^J jjSo JaiJI ^ j^^kij ^1 

jSl iJL^. J-4 4J (y jj^JJ JjljJI JriJl) ^1 JaiJI 
Ja_iJI ibljuj .X oLMjL>-)ll j-i L4I JaiJI jUi' j~Ja2J ^ I 

'.{$aJ>\ tjyoj JiSLit oJaj p ,<V,.,ftll JaiJI ilibu ^fr j^ll j^Vj 
j^iJI jv^i^Jl ia^JI iJiLw O^SO' I^jIai»JI ^>>Jlj J-^Ji -1 

,y = mx + b y jy>uA\ y b cy>^\ ^ahj m 
juu. jjJI pjz ...oil JajJI aJjLm ^jJku" li-LiJj J^JI 'ii^a .2 

,y-y 0 = m{x-x 0 ) m <dL«j (Wo) Skidl 

ejj^aJI p Jl Ja»J1 iJiliu ibT ( ^4j, :a*-UJI oj^vaJI .3 
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4jL«j (-6,4) iJaiJl jAJ. ,jjJI pJL-JI JaiJI iJibu Jb-jl .'5.2 Jilt 

.2/3 

Example 5.2: Find the equation of the line passing through (-6,4) with 
slope 2/3. 

■ >--4 = yD:-(-6)] : j^s iLiJIj J^aJI ibLu ij^a 

.2x-3y = -24 :J»JI ibUJ Sj^l Oj&j 

Parallel and Perpendicular Lines oJbd&UI^ djjljUl bjhaJI 

ij—ljJI -tjJasJIj < ( j_ :; jjl^Oo jLijSu L$ i|j j-Jaa- ^jL-j lil 
.ijljZa Wu t jjSo' 

Ja-^iJLJ Ljlj^j (3,-8) SLiJU JaiJI iJiLu J^jl :5.3 Jli* 

.5* + 2j> = 7 

Example 5.3: Find the equation of a line through (3, -8) parallel to 5* + 

2j> = 7. 

>— - X+ 1 - '-y j-a^I J>o j* J^JI J** Vjl irjl 
jUjI yi yj-y ^jJI J*>JI -| J**JI jjSo. 

JU*j 4kij J*JI ij^stf ^JbwU.liJ .(3,-8) <tLdl yuj -| Caul 

Se-Lfll ej^-JI yJ l^bT ^ yillj j,-(-8)=-|(*-3) jl 
.5x + 2y = -l 
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iLIj jfi_ iPj** ^ <£\ ol* ia»- iL» jj& Uju* 

• m 2~~ m,m 2 = -1 Si%JI jiLw, 

^ tji^j (3,-8) iLiJL yu, ^jJI iiJI JLrjl !5.4 Jill 
.5^ + 2^ = 7 JaiJI 

Example 5.4: Find the equation of a line through (3, -8) perpendicular 
to 5x + 2y = 7. 

- j jjL,, JIT ^ Jl jLuJI J»JI J*. #U1 JlfeJI ^ liJ^-ji 
f\XJ*zJtf <(3 -8) ikiJl; yjj j <L» ojJlkJI iaiJI jj& JJJbj 
.^-(-8) = |(x-3) ji J*J ALij J-JI Sj^ 
.2x-5>- = 46 S-Llll o jy J\ J fin ydlj 

Quadratic Functions 2Lj&I fcrjdJI Jlja 

IfjlsS* ^1 SJlpU]1> jJl>J S3b ^1 ^* iJliJI i>-jjJI j» iJljJI 
ax 2 + to + c Sjj *a)lj a * 0 a: -> ax 2 + fac + \f ."0 jj_s<JI ^j-U 

j-> JljjJ SJiui «/(*) = 3x 2 -2x + 15 </(*) = x 2 :5.5 Jill 
^ c ,„,) JljjJ 'Lhj>\ /(x) = = 3x + 5 Ui .i-ilil! 

Example 5.5: /(jf) = x 2 , and/(jr) = 3X 2 - Ix + 15 are examples of qua- 
dratic functions./ (x) = 3* + 5 and/(jc) = x 3 are examples of nonquadrat- 
ic functions. 

f(x) ^j-^j>i .M-x 2 iJljJI y Lilsll S*.jjJI i*-LMl SJIjJI 
JjLJI (0,0) J_stf»Sl1 4 Lii jop UiV5C« liy ojSy. 

.(5-1 fi*\)y^\ 
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5-1 J& 

f{x) = a(x-hf + k Sjj-JI ^ JLilill ij-jjJI ^ iJb ^1 ilS" 
^ i_jUJI i^jJI y Sb rf | oli jJ, g^l JUTJ ^ 
SJIjJI ^jJLxuaJ 4'L mi o^Ljj#ij' i->«**j I4JI jL_»spIj uLj I^Luj 
j_* SjUJI ifjjJI Sib ^cj> j£i ,J ^j/(x)=x 2 JL-L^II 

US' /(*) = 2x*- 12x+4 iobll i^jjJI 2!b ibS" ijUl jCw :5.6 J& 

Example 5.6: The quadratic function /(*) = Ix 2 - 12* + 4 can be rewrit- 
ten as follows: 

f{x) = 2x 2 -\2x + 4 
= 2(x 2 -6x) + 4 
= 2(x 2 -6.r + 9)-92 + 4 
= 2U-3) 2 -14 

*-~A> y* jj_£j.4_»»-jJ a li->- /"(*) = fl(x - hf + k iJljJI iJ^Cjij 

a jlJjUj dU,} ^/W = x 2 iJlill i^jjJI ^ i^L^I iJljjl 
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j! jL-JI J\ (0<a<\) \la JaUJl jl a> \ 

(0,0) ikiJi jl ^ Ji-i Jl ji J*\ J\ jt 
'^•L^ o&.f(x) = a(x-hf + k iJljJI .J-.0*JI t y*^ (M) 

<L ^^ ^sL&i ^ 4jl i y»tiJlj X = A Ja^ 

.x = A LoJLLf- k Lj^aJ ^y^a il^j iJljJJ O^j&j 
jj_^./W = a(^-/7) 2 + * SJIjJI (J ^> j^s iJL a oils' li! U 

lil) |i| JaUJL ll^j (U > 1 cJtf lil) lal jlAic. 

Ji-i ^Jl j! J\ <jLJI J] l^j (0< Ul < 1 

^^.ijj . Jb Jl»J! ,_j^»iJ (A, A:) ^i^l ^ai 1 (0,0) iLiJI ji 
^-Jas yjx^h 1lA)J i—JL }tfL^ jjS i _f[x) = a{x-h) 2 + k SJtjJI 
.x = /i Ujop A ^^Jip i*j iJljJJ jj&j JjL.'j! ^jiio 

j**, g^JI JU5"^ ./(jc) = x 2 + 4jc-7 iJljJI ^1 :5.7 jtiU 

:»j>flJl ^ iJljJI 

Example 5.7: Consider the function /(x) = x 2 + 4x - 7. By completing 
the square, this can be written as 

/(x) = x 2 + 4x + 4-4-7 = (x + 2) 2 - 11. 

^1 ^ o-flj/M iJljJI - — ^ SJIJI ^ j£j 

.5-2 J&i ^iail <5J?-j 11 jljuiuj Ji-l ^Ij J*i'J^-jj jUI 
S-*J> I4J aijJIj .JUM lijau (-2,-11) 4-lj ^ISU girt 

.x = -2 j}& UjuiP -11 (Jjjwj 

jjui iur jSUj jLsVto=fo-* 2 :5 - 8 J 1 ** 

4JUI ^^.^ jj^j/(x) = r + 6x = -(r-6x + 9) + 9 = -(x-3) 2 + 9 

oIJlj>-J 3 j^-JI Jl j£] j f(x) = -X 1 illjJI ( ^io 4*Jj Jjb 
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.5-3 JSLi J ^uJlj -^-^J 9 >5 

Example 5.8: Consider the function /(jc) = 6x - Jt 2 . By completing the 
square, this can be written as/ (x) = & + 6x = -(r 2 - 6jc + 9) + 9 = -(*•- 
3) 2 + 9. Thus the graph of the function is the same as the graph of f(x) = 
-x 2 shifted right 3 units and up 9 units. The graph is shown in Figure 5-3. 




9 Lj-JaP S*i SJIjJJ .JjL. 5 }! (3,9) ^slSU ^ki 

Polynomial Functions JjdaJI oj^dS JljdJI 

jl JS*j, ji\ 5J*UJL jiiHSi' *)b ^\ ^ ijJi>JI 5^ iJUl 
n j * 0 a-/:jc->a„jc"+a„.,j;''" 1 + -- + a,A: + a n Ji« Ifc 
R jj-So ijJuJI 5 J -_^S' iJljJI jUaJj .aj.bJI ij^ iJUl o-ji ^ 

i_*liJI JljjJI J-JU i^UJI iji»JI ol^-iS" Jlja c-is^J iij 
S_JUI S-j-jJJI Jljjj (/"(*) = a,* + a 0 ) SJLiJI JljjJIj (/(*) = a 0 ) 
•{f(x) = a^r + a l x + a !) ) 
a„ Ijp U jjLi- o)U*JI JS" cilSj n j*f**f CJtf lib 
oiji Lib aJIjJI d£&a = a„*0 i£~~-<f(x) = ax" j\ <£~s*i 
bo* « eJtf bl Ul bjp m oils' bl 

.ix>-jj aJIjJI jjSci 

Example 5.9: Draw graphs of: \ JljjJ I oLm ^jl 15.9 J(lt 

= x 3 , = * 5 , (c)M = x 4 , {a) f{x) = 
.5-7 JSLi (</) ,5-6 JSLi (c) ,5-5 JSLi (6) ,5-4 JSLi (a) 

Division of Polynomials JjJaJI uljruS ta^i 

JU 4i^3 /(X) Jji*JI o^iT JaU* Jl^I g(;c) ijJ^JI Co^ bl 

ia—JI J_-iil-jc 3 - 1 j\-S ^iUi JLftj .g(x) Js. l^Ji\ J-ii/(*) ji 
illi jfJ. ijJuJI Sj^iS' cJlS" bjj .x 2 + x+ I j x-l JS* ,_yif- 

il_j>u/)l *JjkJI ifc-iJI 'ihjf ^li>^-.l ^ju Ails ^j^-l ,_ylp 4a, ..ill 

:JUI jisJi US' i^jdi e -b 
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.jiuij i»-iJi j-jU- j^ji :s.io Jfe 

Example 5.10: Find the quotient and remainder for 

2x*-x--2 
x 2 + lx-\ 

•^jtlj 2x 2 4J* j»^-JuJI .2 

.Sa-jji oijki- j/j jui jbJt i>- .3 

.4A-JiJI oljJas- j/j ^bll i>JI is- .5 

.<u1p j»_j-JuJI jj JSI Oj^j. i^UI fj>JI .7 

2* 2 - 4t + 9 

* 2 + 2r-l \~2? + Or 3 - jt 2 + Ox - 2 (1) 

-(2*" + 4* 3 - 2x 2 ) (2) 

- 4t 3 + * 2 + Ox (3) 

-Hj 3 - %x 2 + 4*) (4) 

9* 2 - 4jc - 2 (5) 

-(9j 2 + 18s - 9) (6) 

- 22x + 1 (7) 

-22x + 7 ^sLJI fj_>JI OjSo. Uio 2x 2 -4x + 9 ^jU- jj&j 

2/-* 2 -2 . 2 A „ -22* + 7 

— 5 = 2x -4x + 9 + ^; 

;c 2 +2x-l +2jc-I 

Ujstf Jl^j,, g(*)*0 ^ ijJb- </(*) cJlT lit 



OjSj r(x) ifjj jt (g(x) Jfi ills OjSj/W) /■(*) = () U|i 



x-c ^1* ltyJ*-f{x) ajJL»JI jft& L«Jup 
./(c) j£. ^Uli 



Synthetic Division AuaS^UI dflinilll 

* _ c oj_j_*> y_i ajjb- 5 ^ Js- f{x) jjJbJI 5 ^ i»— i jl 

j»j ..lift II O^UIa* yj'j .iu^^l 4 i ill ^\M*J**\> SfU&J iob' 

.iJji^j ii'^j- ^ is^aJ Jj'jll )_d^aJt ^ OjLi' Lyy /(*) 

c | a n a n [ a { a {) 
^Ldl Vj-si. j»j ./(*) ^ JjSl J«UftJ! viJlill uUall 
(^UJI Uu^\ yj £*ajj c ^ dJliJI LjLtfJI ^9 J*Lm JS" 

i-^JI £— Jj'ill CjLtfJI ^ S^UftJI O^LoUaJI l$*»>tjj 

.dJlill uJI yi JUI 

f | fl fl fl n _! ... a, a () 

ca H ... ci, ci» n _ | 

... vT ^ ' 

JiL U .^LsJl CoUII y dJUl uUI J jJ~H\ JoUJI j£j 
.UjL, Ciy ijy i«-JiJI ^jU- o^ULw ^ i£/-Vl o^UUJI 

^LJIjift-JiJI £jU- SL*f/)l S*-JiJI fj£dJ :s.n Jli* 

O^UUJI u*a'>HJ .C = 4 jj& 2JU1I tlk yi .JjUI JliJI J 
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ii-Lj Jy^JI i.jk,. j4 JjSl ui^JI y x 3 - 5X 1 + 7x - 9 

J«L«JI ^^js- jlykS-'JIj .dJUll oLjl ^ in^dl £*9j .-5 ^ 

Example 5.11: Use synthetic division to find the quotient and remainder 
in the previous example. In this case, c - 4. Arrange the coefficients of x 3 
- Sx 2 + Ix - 9 in the first row of a three-row array; proceed to bring down 
the first coefficient, 1, then multiply by 4, place result in second row, add 
to -5, place result in third row. Continue to the last coefficient of the ar- 
ray. 

4 | 1 -5 7 -9 
4 -4 12 
1 -I 3 3 

o'\ Jl>J Silij 3 CuliJI y> (jiUlj x 2 -x + 3 lt^J\ i^xi Oj&j 

x i -5x 2 + lx-9 =2 | 3 
jt-4 * * jr-4 

Theorems about Zeros jjl^JI j£ ubj& 

./(*) djJbJI j is- c oil /(c) = 0 cJtf IS) 
IjJ*- ccJlS" lj)L2ij lajjr-c J-UJI /(jc) ijJbJI j£, .1 

Iji^ z cjIS'j JiJJb- ijJ^JI ol^ o^Ul** cJlS" la) .2 
jjji>- JtP-l Cijj y jjSo f yJl jil^JI j^s POO J &y> 
ajJl*JI o\jJ& i-S'yJI jjJljjJI Oi ^ I ,P(x) ijJbJI i^ii" 

jj^ji j-ij^ij Suit ajjbJi j*w 
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tjjQ Lf-^l J*Udl ijj-A" ijWI Ai»-jjJl J-»lj*3 iJ^I 

JjJlj- o>-SS" / > W = fl/ , + a i _ l ^- | + -'+a,J: + fl 0 cJlS" Id) .4 
Ijjb- r = /V<7 CJtfj ia*j>w» blip} JjJbJI 0)loL« 

Oj-& 01 P j^i Lull ajJbJI jjJl>JI iLj 

o^UUtJI l«J ^Ij i^ji Jil old ijJ^JI 0^ j^-jl 15.12 Jlli 

.1-3/ .2 jjlJIj iJJiaJI 

Example 5.12: Find a polynomial of least degree with real coefficients 
and zeros 2 and 1 - 3/. 

X-C CuLf til ijJ_?JI 0^ jjls- J^j C jjSo JJLhJI ijaj 
0}UL*JI old djJU»JI ol^^-iS) jjJUjJI ijai j»j .J*lj*JI Jb-1 

jj-T 1+3/ jji Ujji.- J*-1 1-3/c-li" lit -vuitJI 

.oj^JI yi jjJbJI -ijjZ ibS" viUJuj 
P(a) = a(jt - 2)[(jc - ( 1 - 3i)][U - ( 1 + 30] 

P(x) = a(x-2)[(x-\) + li}[(x-\)-3i] 
= a(x-2)[(x-\) 2 -Oi) 2 ] 
= a(x-2)(x 2 -2x + \0) 
= a(x 3 -4jr 2 + 14jr-20) 

.3jc 2 + 5*-8 JjJbJI 4,,,„;ll jjljJI JL^ji 15.13 Jlii 

Example 5.13: List the possible rational zeros of 3x 2 + 5x- 8. 
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O^LoLw oli ij±^- ol_^-iS3 <L mill jjJ—sJI ijaj 

i^JI jji^JI Oj& 

^1 = ±1,±2,±4,±8 = I 2 4 8 

3>lj* +1.+3 3 3 3 3 

Theorems Used in Locating Zeros jjksJI JLfJtfuJ uO>Jsu 



d^s- ajJL» 5^ fix) coLS" li| :oljL-i^J OjlSLii 
i_*>-^JI iLJuibJI jjj_>Jt ijip j^s CJjUi - Ciy i-jy Lmj-j^ 

jjijJI iJLfr Lot .^jj pijj iJuJI li* y> Jsi jl /(jc) SJIjJU 
oJLf-Ld)l (>r _ij j^Jtt ojUjJ ijSUJ f{x) iJljJJ iJUl iuiJuJI 
* .fi-x) ijJbJI 0^ 

/(x) DIjJJ i-~S>!l l^Jdl ,y dJUJI uJI ajJj- citf lij 
ju>JI Ojft /• 0l» ''" >0 j^« j«J JC_/ " L ^ 

lil U .r ^1 jjjb- ±>-yH*\ j\ ./« jjlJ J^Vl 

Jji j^J jjiJI jj* 01 ,fix) iJljJI jjJbr ijJ yij^ll 



Ul& uIjUjJI 

• ^00 jj-W- J*-i o$& c .1 

. = 0 ibUJtf Oj& c .2 
./*(*) J»Ijp ifl-i x-c .3 

3 JuP * j^>kO ^ki y = / , (.t)illjJI l _ y i*«-9 .4 



llgJUy. jUjJ jjJjJ! SjjSS" SJIj i^-jJ 

.IiJUIjp J\ ijJbJIi^ JJb- .1 

.J^IjJI oljLil ijJisJI 5^ Sjlij oljJu' iJb- .2 

.* g AjJbJI S^jif ^J»Ui' JL>-jI .3 

.*Jil) JjJUy- jlipj (oJLi lil) ^aj. .4 

.JjJlsJI ij^S ( _ r JLe t 5fl JLjaaJI (^^aJI *— j\ .5 

.y = 2x(x-3)(x + 2) aJIjJI ytori* p-jl 15.14 JCU 
Example 5.14: Sketch a graph of >> = 2k(jc - 3)(x + 2). 

Lsw^jJI JjJaJI <J«ljP 5j^<» ,_j9 J*i)lj iy&> ijJbJI b^S" 

.5-8 JS^ yi i^JI CiljlsVi ^> ^1 J^ll J 



5-8 JS& 











J-3yU| - 








jc + 2 SjLii - 










— h- 






-r— 


2 -1 


1 1 
1 2 


1 H> 



- 95 - 



«-2 JJLP X jjau i)ljJI «Jaij 

Cil/Jl! x jj**JI Jbi CljS^ US' (0,3) j (-oo,-2) ol/iJI ^ 
^j-^JI jh-jij j» Li* 1*4*11 JjJr (-2, 0) j (3, oo) 

.(5-9) JSLi) SJIJilJ ^LJI 







-3 


-2 


-1 


0 




2 


3 


4 


y 


-36 


0 


8 


0 


-12 


-16 


0 


48 




15 
10 








/2 -1 
/ " 5 
' -10 
-15 


\ 1 2 r 





5-9 JS-i 



Rational Functions 2bp£J! JljJJI 

>j* ij— S3 1 SJIjJI jLk .jjju- Li^S" jLdb Q{x) ,P(x) 
ijyJ\o\ oiUI ^ .gto^O^ iJLiaJI iljp^l Spj»j>c* 

iS>. >y J^y * SJIjJJ J»J ^ i^l SJIjJJ ^ 

•GW >P(x) & 

Example 5.15: 15.15 Jlii 

tt ^ 12 ^ ./ \ (f+jXf-4) . 3j 

/(*) = — , gW = -j— , *(*) = - — r-r, and *(*) = -£-— 
j: jc — 9 jc(jt - 2)(x + 3) x +4 
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:v_-j'/JI jjSo. JIjjJI si* jUaj t'iij^S JljjJ ib>l 
Jj-Jlj {x e j(|x *+3} ^aJIjOJ wll « {xeJlU*0} :/<JIjJJ 
5^ j| d-*-) <*_J v- illj {* € itlx * 0,2,-3} \h iJIJJ 
.(o jjLj ill OjSj jJ j»UJ! ^ ijJ^JI 
LpjLiJI •IjjeSlj JiUI aJ^ju v-S3l illJI ^ JJUff jS^j 

.iJljJJ 5jLi)ll jju'j iiujliJI ijJaiJIj jJjjS*JI 

illjJLi ^Ul J*i*xll o^s iJub- jj^- ^ ^ GW ^ 'M • 1 

■<ULi>JI x |»-s £*j»J j-Lol (.y*^ 9 ^J^i 
jl>- JS* JUP iojlil" J>jJa> aJIjJI ^^i**^ 

UIjJI i^-s jbj_y U.up <a Jal jl ^1 J %- y> a 
ij\ Jl JjJi*JL S-^^ o*JL>Jlj .ij^>- jfJu kJL* jl i-*-^* 







>jil 










f(x) jJJ jUI ^ 
•k'jtfj ^jry Oj^jr 


lim f(x) = - 


5- 


0 J& 
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a jtx^j^i Ujup 
jaiLs'j iJL. jj& 


mn*) ■ — 


5-1 


1 J& 






' i 


v. . 


a x y yiii' U JiP 
/(r) OP j-^JI 


lim/W = « 




5-12 jSrt 






a ^4 a; ywi - U JUp 
/(x) jJJ ^1 


lim/U) = — 






5-13 JSi 
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/(*) 01 — » .ajJL-i. 
.a 4— o.jSlI jA vO**? 

,<ll X p_jfl 


lim/(x) = a 






i 

1 


5-14 J& 






jjjy JC ibj_J UJL* 
/(*) Uj » <3jJL^ 

.a a n . ill 
/(*) > " J£*ll 

5^- ^Jl x p ^ 


lim /(*) = a 






1 


5-15 Jtt 






jju x j*s\zj Ujup 

f( X ) ji_J ,4jJ_»- 

.a 4— A-ill y/i' 
/(*)<" J_SLsJI ^1 

i,. ■<» x p Jd 
[ajui 


MJ{x) = a 


5-16 J& 


k 






/(*) Oi » .AjJ-J- 

.0 4 — t_J/Wi' 

/Tj-1>(7 i e'Mi :1 

;w- > oj_sjji 

1* Si\x f J) 

[JJUI 


lira f(x) = a 






5-17 


r 
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:o\ j>fju sjiSl! iuj^i iykiJi iUo.)l 



Q(x) b m x m +- + h\x + b l} 

Oli JWIjj b m *0 j a„*0 d-a- 
^y-^uJ Lliil lljlii' OjSo. * jjwlsJI j^i h < m cJtf" lil .1 
,/SJIjJI 

./SiljJI 

,/(;c)-»-ooji /(*)-» oo Ul <G^i A-)-oo UjJ*jJr->oo UjLLP 

4)IjlI) OJbj-j la) JLiiVl JLyUfeJI AjUJI Jbrjl :s.i6 Jlt» 
Example 5.16: Find the horizontal asymptotes, if any, for 

:s J>fl Jl ^ 

i « 2+ - 

y( v j_ fill + £l2 - £ 

,V, ^ IJbp.5^i Oj&/to Oji «*JUI jl JLj-jJI 5^1 a: ^Jd-j 
jj_SL. y = 2 k*JI ./(*)-> 2 j( ,4. -Jjll o^UUJI ^ JuJI 

.Cisi iljUu - iLs- 

f(x)= P{x) = a«x n +"< + a l x + a 0 
Q(x) b m x m +-+b { x+b 0 



/(x) j_p ^-xJI ^Sju « = m + 1 L_« Jup <t^ 6 m * 0 <a„ * 0 ki-s- 
: JS^Jt *) jkJI ^u-Jill f Ij^Jj 

/(x) =fl x + * + — 

ji x-> oo LoJoc ^ g(x) ivji ^ Jsi j£y fl(x) irji 
JjL* (^jlii' Ja£- y> y = ax + b JaiJI jj£jj/(x)-»ax + i> j|i x-»-<» 
.illjJI^^uJ 

SIIjJI l yxiJ JlUI ^jlbJI .UJI Jb-ji 15.17 Jtl* 
Example 5.17: Find the oblique asymptote for the graph of the function 

x +x-2 

loJLui pj ^j ./(*) = x - 1 + 1 - SJjLJI ii^iJI 

Uai- y = X - 1 Ja_>JI jj_£jj/(x) -» X - 1 j^S X-t-oo ji x-» oo 

^=/w=||^ ^W 1 r^ 3 Ja;IiidlJ 

4JLdbJI jji>Jl] ij^*^ X jy%Ji jjJ ipjLio *lj>-i ^1 -b-ji .1 

fr* ^jJmJI fj^jJI JUj-jl .SJLUiJI JiJLJI p-jlj [ />(x) J 
p-jb I/iJIjJI ^ git 0 01^^/(0)] >- jj>«JI 
ji jjUxJJ Sj-JL JfL; tft iUj.^ SIIjJI JJL- .(0,/(0)) 

S-ejIi' J»j_Li- ^| ^—jlj Q(x) illjJJ £JLi»- jjjV ji Jb-jf .2 



jt <J&H\ 4-ojUJI J»jJa>JI {M. jtf laj U iJ^ .4 

J it >> = ax + i <y = f(x) cA—mj* ^e>\ is" (J «j .i_bUI 

./(*) = ax + 6 iJljJJ UJtoJI J jJbJI 

v^jj iJljJI Jji— .j wi_9j>» .iJl—j aJIjJI Lfi 

.5 ijUJI^iJjrjJI jLLJi Jf^i/aijJI ^^^-jt .6 

SJIjJI y^io ^.jl :5.18 jti* 
Example 5.18: Sketch the graph of the function 

OjS^yjj^l^^LuJUj^l oii /(0) = y jf Ih .1 
jyjHA y £jLiJI fj>JI jjSLs x = -3 UJJ* /(jc) = 0 ji d-s-j 
.J^Vl ji jjjj>«*JiJ i-Jlj ^JUi 1 ^ - H^il .-3 x 

^Udl.JrfJI OjS^ JwJI IJla Oii ^ = 2 Ujii* jc-2 = 0 jf Lw .2 

Jajji^ii. i ir M*}\ o\j .ijj*. i^j^j /(*)=! oi Uj .4 
v^t^i - 

s^i-jJI ^.i-firy jj_& iJljJI ji oljbyi Jji»- .5 
jJJ r A .(-3, 2) J iJL jjfc, (2, ») ,(-», -3) 
.5-18 JSLi >;l . liin /(*) = « j lim /(*) = -« 
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5-18 JS& 



- 103 - 



Exponential and Logarithmic 
Functions 

:Jttifl laiyi 

Exponential Functions JljJJI 

SJIjJIj ^V! J«7 ,..11 jjbJI LjJ j& SJb jl ^ aui 

4JUI jUaij .a*l <a>0 « f(jc) = a J JSLiJi JLtL" ^.L-^l 

JljjiJ sii.1 sjui jijji :6.i 

Example 6.1: The following are examples of exponential functions: 
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(a) f(x) = r (b) fW = {jj (0 /W = 4~* (rf) /(x) = 2- ! 
.^»jsU SjJisJI ^J^wL ^Vi ^Ij*- ilsf oiUI j£w 

a V {ab) 1 =a x b* 




.2.71828... S-jyLJI 4a*Ji ^1 JJ* e ji LS" . ijm^l + ij 

Applications of Exponential Functions 

jiL^I Slbj sjilp JL.I aJIj jj£ v-L^I ^ji 
.i^asbx* i^i SJta j$& 
P j*^— JI ^LJI J*>! OVT lil .Compound Interest iUSjil odjUII 
olj-JI n i^y> S-tiUSIj <r i^L, SiJli Jjaaj ^ jJJIj j^jj 
ojj*JI jj& / ojiiJI 4>jtJI 4/) JjiJI iw*^ j^j Si— Jt 




jl_ ^ lij .Continuous Compound Interest ojn" mtj cJuUli 
SJtfWI jj&j «r ^j^JI JjuuJIj /> ^*J!x-JI JUI ^-ij J^l 
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iJ*o^ 131 .Unlimited Population Growth j£ yjlS^JI >wJI 

^jll ,y / JUy JV(f) £H»*JI pj^J SJbJI * Ua*l 

jlS" 131 .Logistic Population Growth ^i-o^l yjlkJI >w)l 
yv(0 Jl jJl_p jjSLi ily^l ^ /> (ijlj*JI SjJ^ v-r-j) 5^Jb*« 

m- 

N 0 +(P-N 0 )e' Tl 

.(^Jiaw. jl Cub' A C**»-) 

.Radioactive Decay It&ll 2u&U£j ojU uljiJl JJ£ JiQHS\ JbuJI 

Idj^JL Jut <j\ j£w ih-i iioj ij& tfl J Qtf) oi» 

Q(t) = Q 0 e-« 

Logarithmic Functions ^MdUjUjlJI Jljdtf! 

a > 0 ,a * 1 ,f(x) = logyr S-^jU^UI flljJI 
Jblly .FW = y v-Vl aJIjlU ij-SUJI aJIjJI ^ 
Ol ^^-^u Hj»j .x = a 1 ' Op y = log/ OiLf lil 
^ ^Ul ^1 a ^L^l) x ^Ujl 
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log,,^^ and a log " T =;r 

ISI/>< = log 2 x J>-ji 0 S^./(x) = log 2 xiJlaJI 16.2 Jli« 

jl w e?JJl ^1 ^ jj& 4 j^s 2 4 = 16 jl UJUpj .2> = x CJtf 
.1082 16 = 4 jj&j 16 ^ J^^JJ 2 4J ^fy 

Example 6.2: The function f(x) = log 2 a; is defined as/: y = log 2 jr if 2- v = 
x. Since 2 4 = 16, 4 is the exponent to which 2 must be raised to obtain 16, 
and Iog 2 16 = 4. 

^juyji io 3 = iooo sjUi iur sjUI jsiw :6.3 jilt 

1000 J* J^>J 3 ^1 J I jl 10 jl 10 j-L^) 

.log 10 1000 = 3 j^s 

Example 6.3: The statement 10 3 = 1000 can be rewritten in terms of the 
logarithm to the base 10. Since 3 is the exponent to which 10 must be 
raised to obtain 1000, log, 0 1000 = 3. 

Example 6.4: log 5 125 = log 5 5 3 = 3. 5 loB ' 2S = 25 ;6.4 J& 

log,, 1 = 0 log a fl = l 

log„(MN) = log,, M + log,, N log„(W") = P'0g„ M 
log fl ^j = log u W-log„/V 

Example.6.5: 16,5 

(a) log, 1=0 (l=5°jic^) , (6)108,1-0 (4 = 4' jl 
(c)log 6 6x = log 6 6 + loh 6 A:= I +log 6 A: , (d) log 6 x 6 = 6 logj x 
- 108 - 



(e) log 1/2 (2^) = log, /2 ^ = log| /2 jr-log l/2 ^j = log 1/2 jr-l . 

.log* j**i>Jj fUJI ^jU^JI Jip Jyu log, 0 jt .1 
.lnx j*ax><i'3 {J *~hb\ (^j^i^l tJyu log,* .2 
.^ln(;t + l)-^ln(jc-l) + lnC Ja-lj ^jUjJ ^ v-uTI :6.6 Jill 
Example 6.6: Write ^ln(x + l)-iln(jc-l)+lnC as one logarithm. 

-ln(x + l)--ln(x-l)+lnC = -[ln(x + l)-lnU-l)] + lnC 

Applications of Logarithmic Functions 

JJU IjUf Ijlj- ^Jj ^Jlo ^ £jl jjj - ^yjl alo^l JjoIjcJI ^i*> 
.(Oir i»^>JI jyVl ^ 10,000,000,000 y!J 0.000000000001 

.(+10 Jl -12 
!<La£ijIp^1]I oLo Lflil iliol 
^.LJS oJb-j y, The Decibel Scale J^.jJI iSound Intensity Ujioi\ oJfi 
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D = lOlog— 

i-^jUjJ SJi^j y £\ J*ry : Earthquake intensity J!,>i>)l oJ* 
^ US' yU» J^j 

JljJj ^ S^LJI SLUI £„ OjSO' .(Jj*Jlj 4-JU) Jljljll 

Exponential and Logarithmic Equations 

.e j.LVl jl 10 ^LVl jj& U Sal* ^jLsi-l ^LV ibUJI JJ> 
Example 6.7: Solve e" = 2 JJiUJI Jbfjl 16.7 Jll* 

x = ln2 <= ln(e*) = ln2 iJIJI ^j&u 
jl j^jUjJ ^ olbUo jjSo - i*»^jUjUI o^aUJI 

0"i>L*dl J^»- 4a o^taiJIj .jJcK jljLW jviJjUjJ 

^jj i-^jUjUl ojLjJI h\£ sjUI ^ i»U ii** jj& iy^jUjUl 
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.log, (t- 3) = 4 :*bUJI Ja- Jt»-jl 16.8 Jill 
Example 6.8: Solve log 2 (jc - 3) = 4 

logj (x - 3) = 4 ij^JI ikfll SiU^j 

x=\9 <= * = 2 4 + 3 <= 2 4 =x-3 J Jc*i\ [ y+i i3 

log(,a 

JUrjfj log 5 10 jIjuuJI e j»L~H\ p*jl*jJ i^Ju Jbrji :6.9 Jilt 

Example 6.9: Find an expression, in terms of logarithms to base e, for 
log s 10, and give an approximate value for the quantity. 

.log 5 10 = ^~ = 1.43 JJj ^LSl jtJS !J*lS r lj^2-L 

Solved Problems 2ltybw JjU« 

^y— . S-ULs Jj*aj /» ijiJI iljm La^ y^j' 16.1 4lU* 
4 jpUaJ Ijs-bs*; ^Jl (iyifr iu- o^s 4 !)) olj^JI iJ* U .4.5% 

Solved Problem 6.1: A certain amount of money P is invested at an an- 
nual rate of interest of 4.5%. How many years (to the nearest tenth of a 
year) would it take for the amount of money to double, assuming interest 
is compounded quarterly? 

i£ yj\ oJUUI iw> » >■>«•.■■ .V 4j^J SjAi-yS Ci-J ijS'yJI iJjUl! j| C~>- 

r = 0.045 gj i/jJI oJb'UI 0^ « = 4 d-s- /t(/) = /^l+-j 
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jl Jl>J A(t) = 2P LoJULP t 
J, 0-045 V 

2 = (1.01 125) 4 ' 

.e ^L^J ^JjLJI ii-tj f JLt J^^JJj 

ln2 = ln(1.01 125) 4 ' 
In2 = 4fln(1.0ll25) 
ln2 

' 4In(1.01 125) 
f — 15.5 ^ 

(ts^p uj^V) c*»>ui ij* u j,ui jui ^ :6.2 atu 

%j*z**j> i-^jJI eJL$Lo3t j{ (jil/slj iyA\ '■LuS iipLaJ 

Solved Problem 6.2: In the previous example, how many years (to the 
nearest tenth of a year) would it take for the amount of money to double, 
assuming interest is compounded continuously? 

.A{t) = 2P Ujllp / >l»«)| r = 0.045 d-*- A(t)-Pf 3 fell 

2/ » = p e 0O4 5 , 

2 = e 0,WJ ' 

.e ^LbU jJ^DI pijUjJ ii-tj / i«-s 

ln2 = lne OM5 ' 
In 2 = 0.045/ 
_ ln2 
0.045 

f = 15.4 *im 
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SlL> -co d^j. JljJjJ j&jj ^U. jIjum (a) !6.3 iljlfu 2il*A 

u *\-jLu 5.0 4_-L5 JljJj j-a e^ukJI 3Uall J*-ji (b) .1000£o jlAiuj 

Jj?-£o= 10 4 - 40 ul jJUJI £ 

Solved Problem 6.3: (a) Find the Richter scale magnitude of an earth- 
quake that releases energy of 100O£ o . (b) Find energy released by an 
earthquake that measures 5.0 on the Richter scale, given that E 0 = 10 4 40 
joules. 

2 E 

j^s £ = 1000£ 0 C~r R = ^ 0g Y 3 ^ jJI r lj ^^ (a) 

S = i, og i^4 logl0 oo4.3 = 2 
3 £ 0 3 3 

, 2 E 

jl JL*J £ i\s~.\>j *5 = -log— j^j R = 5 j,^ (b) 

15 £ 

£.„■» 

e o 

£=£ 0 10 75 
= I0 4 40 1 0 7 5 
= 10" 9 

= 7.94x10" Jyr 
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jjUlt J*_iJt 

Conic Sections 



Loci 



3*^1 JUtl ✓ 
tflgl fcjl__J! ✓ 
3__i_UI gj___N ✓ 



.Jyydl owr skid (v-j^I JUJI 

_____ 

^yJI ji Place Ubu JLyr_ i_J_T Locus ^Ji^JI J*_JI 

;LV :.■ ■ ■ ; ' .Position 



.(„>0,y>0) Jj^l 
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Example 7.1: The locus of a point with positive coordinates is the first 
quadrant (jt > 0, y > 0). 

j_jb 3 jIjuaj J^Vl ikii JaiJ ^J^JI J*«xJI 17.2 Jill 

.3 UJ«U*3j (0,0) Uj*> ysJIj ?+/ = 9 iiy'ljJI 

Example 7.2: The locus of points with distance 3 from the origin is the 
circle x 2 + y 2 = 9 with center at (0, 0) and radius 3. 

</MW(*2-*,) 2 +(?2-y,) 2 

A + £fy + C=0 |V ,5v J^JI Jf ^(jc,,^,) Stall j» iiLJI .2 

j _ \Ax,+By,+C\ 

Ja 2 + b 2 

Ujbu ^jL-a ^Ij P(x,y) tall ^-a^JI J^JI J^ji :7.3 Jtl* 

.WJiLLJIj^l.OJiLiJI^ 

Example 7.3: Find the locus of points P{x,y) equidistant from P,(1,0) 
and Pfifl). 

^-I) 2 + (.V-0) 2 =^-3) 2 + (>-0) 2 

iliUJI kj^Mfrj 

(,-l) 2 + (v-0) 2 =(,-3) 2 + (^-0) 2 
^ 2 -2^ + l + )- 2 =^ 2 -6^ + 9 + y 2 
4j = 8 
* = 2 
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■<J«gull y P t P t J* ^-IjJiiwJI ^(j-J^ll J^JIjj^j 



Parabolas 4jdlSUl 

^. PF= PD 01 i^t Jas> ^jP IftJuu iikii jP LftJuu 

^LCJI ^Jaillj .gLdl ^Ij lJ *_ J " SjjJIj JJjJI SsLJI > fc^i 

^U^l Jl^I ^LCJI ^Jull jl JUi J^l Slu: Jup £tf 

7-4 Jjl 7-1 j-* S-JUI jLSLi^l .JjJ j-jiM ,yi*t 

.l^jlji-j I^jImj ial£dl ^jWI oLls*k 







(0,0) :j.!jH 
F(- P ,o) rsjjJi 
,= p :JJjJ| 


(o,o) Jl 
f(p,o) :sjjJi 


y 1 = -4 /j,v :aJjImJ! 




= 4 




N 


V /: 


■-P 


/:* = 










7-2 






7-1 
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(0,0) ^tyl 


(0,0) 




F(0, -p) iSjjJI 


F(0,/>) .'SjjJl 










r = -4 py :ilil**JI 




tfaUJi 




hy=p 








"v — ^* 


N 






F(0,-A 




i.y=-p 


7-4 JS2 


7-3 



J \ olJis- jll y I /, I jlJtiu il iUJI uy i>^ ^ - /, _j jc Jj, JLjj 

jiJLj JUL- A oiLT la I jLJI J\ 3 h cJtf lij js*JI 
.5JL- * cJLS - lit JiJ ^Jj 4_-r^ * cjtf lij J^i 







(v~A) 2 = -4/>(*-A) 


SbUJI 


f(A-a*) :!jjJi 


(a, ^ 

F(h+p,k) Sjjjll 

:JJoJI 
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(x-A) 2 — 4/>(y-*) 


(jc - A) 2 = 4/7(y - A) 


(M) :^t;i 
:JJJI 


(h,k) 
F(h,k +P ) : 5ji J! 



LUlSuLl^Jj»j^-b + ^ + 9-0UaUJI l 3lcJi !7.4 Jlli 

<u ^uJI ^jlj ^.ijJIj JJjJIj SjjJI Jrjtj 

Example 7.4: Show that f - 8x + 2y + 9 = 0 is the equation of a parabo- 
la. Find the focus, directrix, vertex, and axis, and sketch a graph. 



y 2 + 2y = 8jc - 9 
y 2 + 2y+ 1 = 8jc-8 
( V + 1)2 = 8U- 1) 




7-5 



^ ^L£JI JUij A = -l ,/»= 1 </> = 2 j^s Jbllj 
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Jul* SjjJLi pj ci ^j (1, -1) ^-LiM ol*rtl 

Ja_±JI ^ ^IS^JI ^1 JJj jj&j .(/i+p,t) = (2 + l,-l) = (3,-l) 
^ :-»;Jlj <_y = -1 Ja_?JI jj_9»JI j^jj x = h-p=\-2 = -l 

• 7-5 C*^ 

Ellipses ^aiUJI £$fa*)l 

oUL— Jl ji P Skid) ^jj^JI J«JI ^JUI ^Lill 

LsJk F 2 <F| j( ^j-ij . j)So j-i'JJL« j~kSi J \ P iLiJI 

ii^UJI jj-Soa (Focus SjJ_i <Foci jjJI jL*— r) jbLiJI 

jjJL jUI JaaJI ,_j«-Jj ./>F| + PF 2 = 2a (_yA ^Ul ^aiU iOJls^JI 
lijj^' jj>*aJI ij* iI»iJlj fj-isUI ^JailJ ^jjJI jj»c«JIj 

p .Sv ...all Ja^iJI ^4 ..ij .j^l^L ,_JjjJI jj>>aJI jdiUI ^Ltll 

^. ^iJ! |V ,av„.JI J»JI Ut ^Vl Jr ^l jp-tjJI ^ j^u jJJI 

.(7-6 JS^ >l) j^L ^ 
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oU'lja- 1 )!! tjjj** ^is-l ^jljJI i^jjJI jj»«aJI (ii jaiUI ^1 
..y jj^JI Js- jjJI ji x jj>«* ^ j^JI i^s- : j^Lill ^Uj^I 







b 2 a 2 

b 2 = a 2 - 


1 libUJI 


b 2 = (?- 


1 :3iUJI 


a>b 




a> 6 , a> c 


Fi(0,-c),F x (0,c) ojJI 


F,(-c, 0), F 2 (c, 0) ojJI 


(o,-a),(o,<7) 


(-a,0),( fl ,0) 


(0,0) :/>JI 


(0,0) :jS>ll 






















f,(c.oy i ? J JK».o) 


(-i.0) 


Kb. 01 >A 


(0. 4) 








7-7 


7-8 







.4x 2 + y=36 aijJi ^jij jju :7.s jii* 

Example 7.5: Analyze and sketch the graph of Ax 2 + 9y 2 = 36. 



- 121 - 



c = Va 2 -b 2 =V9^4 = V5 lij&vlUij .4-2 ,o = 3 :ji jl 
, (±^,0) J jjjlj ^Ul ^jJI ^ ^Ul ^LiJI ft 

Z-^y yto^Jb (°. ±2 ) 7 JJ^ 1 Cr*J ( ±3 > °) * Jf** j* ^i^ 1 
.7-9^ 




7-9 J& 



Hyperbolas eJjIjil £$kdJI 

■uljll ^JaiU sjjl^JI life! I OjS^i (jjJI) jlaLJI OUudl Ua, 

^jJI jj^JLj jjJL jLJI Jijjl .\PFi- PF 2 \=2a^ 

jlki jjjJI jj**JI £• jjljJI ^kiJI ^tli M jb* Ul .jf ^Jl ^^a-j 
.(7-10 JSLi) 
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7-10 

oLylj^l &y*A Jb-I tfjljj ^jjJI 9jy*> ^jJI JtfljJI ^JaiJIj 

JLiljll ^Hl jS> jt dUi J J O^i .^UII .UsrVI 43] Jli 

jjJI ji (7-11 JSLi) x jj^JI JLp jjJI ^ j^LUI 
SJLjIjJI £jJii)l oLi*i* JUI JjJ*JI jwjjjj .(7-12 J&i) y 







f,(o, -c), f,.(o, c) : jjJi 

(0, -a), (0, a) ^jj^JI 
(0,0) I/jJI 


F,(-c, 0), F 2 (c, 0) : jjJI 
H, 0), (a, 0) ^jjjll 

(0,0) :jS>Ji 


a 2 6 2 

/>W- a 2 

c>a,ob '.'&>■ }L 


4-4 = 1 libUJI 

2 ^ 

oa,ob :*]»-)U 



- 123 - 



7-12 




0 < e< 1 OjSo. ^sUI ^Lilis .CaSl) ilka ji jlS - lij Uj 

.e> 1 jjli iiljll *kilJ Uf 

Conic Sections 3ubjj&l 
:S_^aJI . Jj\ JLSLsi oujVl 7-13 jJLi ^jjj .U»j>JI 
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V 

dilj jlai jiaiJl 
7-13 

^ iuliJI i>jjJI 

/lx 2 + Bxy + Cy 2 + Dx + Ey + F = 0 

:ji ur jis^Vi jjfcj j*sj*a £i j£. 

(fl = 0) ill ^1 (xv = 0) JjLm Ols" la) (A) 

61* ^^CcjlS" liji .ijila^y^uJlOjSL- -4 = CcJS lit • 

.^jIS-j ^LS i j^j> #j AC=0 jlS' lil • 

/ ^ii j^j^o ,40 0 jlS" lil • 

.jiilj ^Ls Ly ix^i ^ /4C<0 jlS" la I • 

iiysuj (B) 

.^\$j>^H {J ^» fl 2 - 4/4C = 0 C-ilS" lil • 

^ B 2 -4AC<0 CJIS" lil • 

..UljgUl^yMLi ^ fl 2 -44C> 0 ColS" lil • 
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Trigonometric Functions 



v»l*UI y#j u^l JljJ uLiam l/ 
<*>Vl luilll JtjOlf uLuam ✓ 
bli>H ✓ 

Unit Circle d^I o>b 

.1 U>i ^L^ij (0,0) Ub/ ^ ^yJt t/ SjiljJI ^ SJb-jJI S^b 

SJL*-jJI SjJb Ja-^j .x+y= 1 yji SJLj-jJI Sj_ib ibbu jjft} 

.In ^jLj. 

jjUhJI £• l4*Lli; J»U iJb-j iJb-jll i/b p-jl :8.1 Jlli 
.(8-1 

Example 8.1: Draw a unit circle (see Figure 8-1) and indicate its inter- 
cepts. 
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i±J- l^-iyu U 5Jl>-jJI Sjib ^ ^1 P SJus-jJI ik&JI 

.t-Qjy»S\ ii*Us>UI OjSi (l.0)2(L&!l .1 

I*ju ipLJI ljjLSp ^j-S^p oUoi ^ / isL-o SjiljJI Jj*- j*-JIj 
.(8-2 JS^ >l) .(UOJikaJI^ 



P(/) = (*,.k)> 



8-3 8-2 J&& 



iJaiJI If Jb ApUI yjliP eUwl M isU« S^ljJIJj*- 
.(8-3 JSLi >l) ,(1,0) 

(e)/"(n/4) j (tfl/'HU) <(c)/>(j[/2) «(i)P(7i) .(fl^O) JL>-ji I8.2 Jilt 
.(8-4 JSLi >l) 



le 8.2: Find (a) P(0), (b) P{n) , (c) P(nl2), (d) P{-nl2), and (e) 
/>(ji/4). (See Figure 8-4.) 



^ (7l)= M : 0)/___\ ^ 

(0) = (1,0) 




(-Jt/2) = (0,-l) 



8-4 

P(0) = (1,0) Ot Jb^iiUI ^jSII SJlpUJI ^ 

!JU»-jJI 5j_Sb Jj_9- iil—dl ulsdi ^ y(7r) 
4 laidl If Jj icLJI OjliP ( _ r £p 

.P(tt) = (-i,0) SLiJI OjSi- dUio (1,0) 
^j, ^ P(n/2) jJJ 5Ju»-jJI 5j_Sb h+>o> ^ n/2 j| c*?~ 
If Jj SpLJI OjliP j-SU- j^JI; SJb»j)l pyb Jj>- iiUdl 
./ , (7t/2) = (0J)iLiJ| j^dilJbj (1,0) 
V jUp oLjul ^ 5JL^j)l !j_5li J y iiLuJI £j ^ P(-n/2) 
./>(-7t/2) = (0,-l)SLiJI jjSj' dJij (1,0) M j* Ifi apUI 

i_LtJI 6J-» 71/2 iiL-JI Jla> i/4 ji »i-> 
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(*. y) of j\ J = * J*iJI ^ W) = fc^ 

x 2 + x 2 =i 
2x 2 = \ 

1 

1 V2 

oi UJU.) x= j}=Y 

,P(t + 2n) = P(t) A 
P{-t) = (x, 0 ji />(/) = (*,>-) cjtf |ij .2 
/>(* + 7i) = K jji = (*, jO CJlT lij .3 

Trigonometric Functions lullll Jljdtfl 

^Jii- yjJIj AO yj jLiJI 2LLJI ^,j>) ,lJub» bi» / cJlT bl 

J OJI VlU.ll JljjJI jU* P ilaidJ 5>LJIj 1/ iy*b 

<(sec)Li ,(csc)La ,(tan)Lb <(cos)U»- <(sin)L_>- l^J 

lyli IfS^u- jZ+jj ^JT/II (cot)lat 
(/U)sirw=.y (/ b») esc / = j (y * 0 U Ju*) 

(rb r )cos/ = x (/ Is) sec / = £ (x*0 Ujulp) 

0 U>) tan / = ^ ( x ? 0 U jup) (f bb) cot / = ^ (y * 0 Ujulp) 
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./ J i;±JI oJI JMI Jbrjts ./ J s>Ulj sj^jJI yb 

Example 8 J: If r is a real number such that /> ^«~ ' s me P° mt on 
the unit circle that corresponds to /, find the six trigonometric functions 
of/. 

: JL US' jjfc f ^ c-JI S-iiiJI JljjJI ol* 

| = *= (cos/) / b>- ~f = J,= ^ sin ^ ' ^ 

-|=Jj=I= (cscf) / Lsi -| = ^-=^= (tan/) f Ui 

-I=Jj=£= (cot/)/ 1st |=|=I= (sec/)/ li 

J.T ^ />(') -(x,y) J c-JI SjiUI JljJJI oljbl jj^- :8.4 Jd» 

Example 8.4: Determine the signs of the six trigonometric functions of 
P(t) = (x,y) in each of the four quadrants. 

JJ" jLi dLJiJj .1 g)\ j 'L=ryy >x y> oljLil jj& .1 

^ '*-*J jjSo U^j II ^ili)! q)\ iJL, * i*J jjSu .2 
jjSLj L^jlj '<^ry esc / <sin/ jji JS" Jaii jjSu dUJJj 

jj_So- dU jJj ,111 dJLJI ^..Jl yi iJL >» ,x ^ JT jjSo- .3 
j^iO' i—jiiiJI JljjJI J\j Ujlj iL>-y cot / «tan / ,y J5" Lis 

.iJL 

SJL- . jjJo - y ijLi! L»jlj IV ^-ijJI ^ Vrj* * »jLil jj& .4 
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JljjJI JiL Ul 'L>y sect j <cosf Jf i**9 jj& 

.iUL. jj&i Ajdb J I 

/(')=/({+ p) ol tie- ^ Jy* ^ri f'^ o\ Jl% 

\$ «,t> 0j-& A^kJI JljjJI j^S i»U 4jL*ajj .iJljJI ijjJj 

sin(/ + 2rt) = sin/ cos(/ + 2n) = cos/ tan(/ + rc) = tan/ 
csc(r + 27t) = cscr sec(/ + 2n) = sec/ cot(/ + 7i) = cot/ 

. I iSjkj cos 2 1 y^ft (cos tf i&mt y^i' (sin if j^s Jul* ii^uj 
. I sin 3 / ioU i/L^ yiSj (sin /) 3 ol» Ji*JLj 

Trigonometric Identities 4u&) uHjUxUI 

.ibUJ! jo J,t J£) ^ytiw Jbb ji UIU» t^j^ - 

cos 2 f + sin 2 f = 1 l + tan 2 / = sec 2 / cot 2 r + 1 = csc 2 / 

1 1 1 

cscf = sec/ = cot/ = 

sin/ cos/ tan/ 

j-JjUI j—t JS3 4ij*JI / pj .4ft ...all ^jU- oUjLkut .3 

all 

sin/ cos/ 

tan/ = cot/ = 

cos/ sin/ 
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sin(- f) = -sin t cos(- 1) = cos I tan(- f) = -tan t 
csc(- 0 = -esc t sec(- 0 = sec t cot(- f) = -cot r 



.li^'^l olilkuJJ iu-Jl JtJLj siir" / I -cos 2 ; 



jLuil lu?J y£*ll JljJ uLl-Ufl 
Graphs of Sine and Cosine Functions 

iljLJ.Vl JS" /(/) = cos / ,/(0 = sin / jjdljJI ^ J5" JlJai JjU% 
[-1. I] 4_iiiJI S/JJI jjy jJljJI JJU Uuj JJU^J .J? oui^JI 




.8-5 JSLa y » - sin / Jlloll <_y^u 




8-5 

.8-6 JSJi ^ j^i u 




-1 



8-6 
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JuhJ 0<^2ti .2* UVjjJj ijji ilb /(<) = sin / aJIjJI 

\u» LliUj 0j J^ ^1 aJIjJI Sjjj js*,. aJIjJI ^ y Vy? ji 

^..I.-hU i*— < i-ij-ol'j uLiVl y*— c>JI iJljJI 

JjJsj ^j-i-Vl yJ» 4_jjjj /(/) = cos/ aiUlj .1 i5jU SIUU 

(_j.-L.Vl ^LkJI >■ ^y-V.-M-Uj SJIjJl ( _ r ^i0 Jj -27i l^'jji 

ijMjAS ^Jl jki ji jSUjj .0</<2rt * j»JJ Cij ijjjJI 

.7t/2 jlAiu jLJI ^1 ^jl <u£)j l <ju»j c.....>H ,^9^4 "jLxpL 
lSj^»-VI ^Ldl i-.-,..>ll JljjJ oUhuII jjS^uj 

• .jsji, ^LuJi jijjji jiy 

<L»JlU w=^sint iJljJI J&&> jjSo ,u = As'mt iJljJI .1 
(J^JI) iJU^I ^ u^JI SJIJ ^L'lll ^y^uJI ^ ->jJI 

jj_>i*JU <L mJL i miSUk |^| l$i«-<j ^L^LJoll i_**>JI SJb 

.yJ»P ^ Cij VljUJl V^JI ij 9 ^* (/♦—'J 'l5*"U' 

iJljJI ^>^J> Oy-&>_ <(*Vr y * i = sin />/ «JijJI >2 

jIjJLu LLji^w ^^nLoll t_. *»JI iJb ^ u = sin 6f 

u = sin (f -c) illoll y/»^J> OjSo, .u = sin(/-c)i)ljJI ( _ J i»«JU .3 

jljLo«j jl—JI ^Jl ^_jjt Oj-& Liu L>-y c LoJuP olJb-jII 

■*»-bV' ^ c ■ ^ c ^ ^b>jH j* Icl 
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u.= sin / + d i— JljJI ^yia^Juo o£j .« = sin / + d illjJt .4 

L«Ju& |</| jIjlIw J^J (jJj ^jij i^y rfcJl^ 13) Ul 

o)Lj?d! i-fry^ J-Jaj. .i/=/4sin(if-c) + </iJljJI .5 
^ ;>.;,JI o^_s i-j*-^ A, b, c, d j\ ioU ii^uj «iiLJI 

.</ jljuuu <>i J) gjlj c/i a) S^l j>j 
Example 8.5: Sketch: IaS^UJI ^jl !8.5 Jill 

1 (, ,iO 3 
« = — cos 3f + — +- 

2 I 4j 2 

y-*- Lib Lf J^i* jJb iiLJI ii^JJ.(8-7.J-S^i) ,y*J*JI 
L?-lj^l jjJ»j 2n/3 Ljjjjij V2 Ljs«-;j i_»ip ^ L»lj lljiiu pUs)l 
i^L-j) Tti/12 yJl -7t/12 ,y SjxiJ! pn.anj .(-ic/4) + 3=-7t/12 

. 1 ^Liijl JSIj 2 £l&>l ^1 



2 


U 




1.5 






0.5 






71 


7ji 


5* 


"12 


12 


4 




8-7 JSi 
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lutiU JljJJI uUtfut 
Graphs of the Other Trigonometric Functions 

{re fl|r*!t/2 + 2nn,3Ji/2 Jiill ilia jUaS .Tangent JfcJI i)b .1 
.8-8 J£l J y^uJIj -R (^JUJI Oj&j + 2ra} 



J 








10 
.5 
5 


M 

J 














r 


-7 


I 

.5 
L0 




f 


f 







(re ff |f *til +27IM, ^* ^tUJI iJb Jllai .Secant ^UJI *Jb .2 
£-*2>y L5 ^«i*Jlj .(-«, -l]u[],~) (^JLaJI Oj&j 3ti/2 + 2jw) 
.8-9 JSLsJI ^ 



J 




U 


AO 

7.5 
5 


H 

J 


U 




V. 


4« 


n 


-2tc 


-' .5 
JlO 


n 


2n 


fl 





{teR\t*m} j» pldl S)b Jlk .Cotangent ^LdlJJiSJb .3 
.8-10 J£i ^ tr^b tS- 1 ^ 1 Oj^J 



10 " 
7.5 
5 




j— a |»L_aJI ^tU iJb JjLLi .Cosecant fUJI £_i>li Ub .4 
tj^uJb .(-a, -1] u [1, oo) ^JUJI jj&j {/eJl|/*wn} 
.8-11 J£i ^ £*>y 



u 




u 


10 
7.5 
5 

2.5 


i 

u 




U 




-4s 


n 


in 


-7.5 
-10 
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.a = tan(/-7i/3) liiJIjJI l j*cj> :8.6 Jlit 
Example 8.6: Sketch a graph of u = tan(r - ji/3). 

jIjlJuj « = tan/ i)ljJI u**^ ^ SlIjJI ai* 
SJL>-lj ojjJlj yu tan T 01 <^-»-J J) SJt »"J ^3 

5^! ^ oJL^Ij ojjJlj -n/2 < T<a/2 «tan(t-^/3) ii^ill j 
dUj - ^ ( _ J -^uJI (t-jlj .-7i/6 < / < 5ti/6 ji i^i -n/2 < / - n/3 < n/2 
.(8-12 JSLi >l) 7t jIjuuj ojjjJI j/j S^l 




8-12 J& 



Angles UljjJI 

Uuu (^UII) yiUJL ^UilJ .Ijljll 

.(8-13 J£i >:l) .^1 (^Ul) yjUJL ^1 ^jJI ^„ 

jljji oLnii ^ ^Li/ill yjUII {•UJI i^ljj cJlT lij* 
^ lil Ui <C>-y llUw ijljJJ iJ*J jls jjSLi SpLJI yjUc 
J»\z ijljJIj .UL. ^LjJI jjSLa it-LJI yjlip jljji oUjI 
.^l^JI ^UJI ^ ^Ij^I ^Ul ^Iki 
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8-13 



y LjJ ^Ijtfll (gUll) yJUJIj J-^l iLL ^jljJI ^ij jlT 

^y^si jy >* yJ* ^JL; JujijD ^IfJI OlS" liji :SJlfJI 
^ LuljU ^IfJI yJLJI jLT lil Ul ijlj fcljll 



■ifcjljjl ^UJL J-L53tj J^Ldl ^L>- 5iU UjjJI ^LSj 
j_Sy ^ l^-fj ^1 ijljJI ^.Lu l^ii ijkiJI oi^J ijljJI J^ci 
ijljJI ,8-14 JS^ ^ .yUl > <J> ^ji gJOTj S^itJLil 

.(ijai ^ SJb^lj ijlj) jjlljJI ^.Lill, 5Jb-lj iJb-j I4) 61 



Sj>-jJI ijljJI jji 27tr Jjt jjSo r \j>J* U^J S/b jj 



•W 1 « ^ -V W ^ » C^ 1 




8-14 J& 
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.(8-15 jSLi 

.1 (Jt L^Uj j^jlj rJ | ;8.7 Jll* 
Example 8.7: Draw examples of angles of measures it, and y . 



7t/2 ^Luu 





















8-15 Jtt 



ojlj 2n 01 f360° l^—Li il.tf' ojjJlJ Vr.* 4 ^ ^J^b 

.iJaS ul^j ijlj 7t = 180° jt 360° == iJaS >_i^a; 

jljuuJlj ^yljJI ^UJI Vr^iJ 1807ti= 1 'H)hS\ 

4_s%JI j. >W?..Y j-Lu ^jll C»l»-jJJlj Jijsdj .180771 
Jjjl*JIj .71/180° yJ oUjjJI ^-Uo a" 1 *" 1° =7i/lS0 

.4*5141 UjjiJ oLUI ^^JL. yJbJI 





0° 


30° 


45° 


60° 


90° 


120° 


180° 


270° 


360° 




0 


K 

6 


7 


3 


K 

2 


2* 
3 


it 


3ff 
2 


2it 
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6n Jj^ (b) .^jJljJI jj-LiJLj ojlj J I 210° Jp- (a) 18.8 Jill 

■° J ! kj* ^j'j 

Example 8.8: (a) Transform 210° into radians, (b) Transform 6n radians 
into degrees. 

(a) 210" =210%-^ = ^ (^IjlJI ^.JJdL) *JJt ijlj 

(6) 6ti (tf^UI ^.JudL,) = 67t. 1^ = 1080° 

.0° j-j) i_.jas LJUd3 ijlj n/2j0^. l^-Ls j*** ijljJIj 
Lijas >.a «aj i-jjlj 7i/2 l^-Li ^ydl ijljJIj .SiU ijlj ^y*— i' (90° 
ijlj n ,7i/2 ^ ^L. ,yJI ijljjl Ul .iAiU ijlj j^s (90°) 
^1 4-ijljJlj .S_>-yilo iujlj ^ J (180° <90° j—o) ijJaJ t_A*aj 
■It ijlj j^A-j - (180°) <_i*aj ijlj 71 If-Li 



.30° '^UJ! l^J 0 

jL»—J j3 ,a OJ-9 or + /? = 7i/2 ji J»j-ij /? /a cJtf lil 

jLojIj jL»— 1' ^ <a OJ— 9 a + f)=n CJlS" til LI jbobu jbjlj 

0lT lil flijljj iAAiJI ijl_j)l Jbfji 18.9 Jlt» 

0=37.25° (b) ,0=ii/3 (a) 

Example 8.9: Find an angle complementary to 6 if 
(a)O = nl3;(b)0 = 37.25° 
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.7t/2 - 6= nil - 7t/3 = n/6 6 <uljU i«-uJI ijljJI (a) 
.90° -0= 90° -37.25° = 52.75° :37.25° ijl^D UasJI Ijljll (A) 

015" lil ilfJI li'Jb^ L^jl ^UJI j«j.jlj ^ Jli 

j-» ij±*j> jJt jjlp J_»-jij .^1^1 C^W) v J ^' lT* 5 W 

O.lfJI 5Jlj«iX* ijlj jUj^Ij .ilLw ijlj iljJI 5Jb«xJI UjjJI 

jj-UJl-j w» ijljJI oil^ lil) 2n^)>\ /\ .slLu ijlj 

.(oLtjjJIj 4-JU ijljJI cJtf lil) 360° j| (^IjJI 

iLfJI ^.Us* j^jlj 18.10 Jli* 

-60° (b) ,i>i uU3 ijlj 2 (a) 

Example 8.10: Find two angles that are coterminal with 
(a) 2 radians; (b) -60°. 

«2 + 27t jUj& i^Lii um) ijlj 2 iLfJI Li - Jl>^u jlijjlj (a) 

•^.W Cr 4 J$ Jip "^Ji US' 2-2n 
.-60° + 360° = 300° jU£y -60° ^ LlfJI b'Jb^u. jbjlj (6) 

•W ^ Ji-^ks -60° -360° = -420° 

^ 4_Lii tfi />(*, )>) jij .y-UJI £-*j)l ojlj 9 Of 
r = Jx*+y 2 01T li^s .J-^l iki; Ijljp LJ 0 J ^1 ^jUJI 
^ 4jjljJJ c-JI <JbuJI JUjJI J^l Akiij P ^ 43L-JI jjSv 

0^sin0 = ^- 0breos0 = - 6>Uitan0 = ^ (if.<*0) 

0Lscsc0 = - (it'y*0) 0lisec0 = - (if jc * 0)6> Lt cot^ = - (ify*0) 

>' * v 

/>(-3, 4) i_UJI jfj ^Lill ^1 J ijljJI jl ^*l 18.11 JiS* 
.(8-16 JSLi p) 9 i>Jjl ^UjJI (^Ul) v-JUJI 
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Example 8.11: Let 9 be an angle in standard position with P(-3,4) a point 
on the terminal side of 8 (see Figure 8-16). 



y 



8-16 J& 

, r = V* 2 + y 1 = V(-3) 2 + (4) 2 = 5 ,y = 4 ,x = -3 

0U s in0 = ^ = - 0b>-cos0 = - = -- 0Uitan0 = ^ = -- 
r 5 r 5 * 3 

0^csc0 = - = - 0 lisec0 = - = -- 0 lafecote = - = -- 
y 4 jc 3 y A 

ijljJI j^iU viiiJI ^yk-sij y-Uill Q g»yj .ijljJI 

jjUJI Jljtl ol» jjUJI .JjUJI ,^kJI /j :»L-^l, 

y 



/>(adj,opp) 
opp JjUJI 

— T7- >JC 

8-17 
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y%-JI jj^JI Lu, ojljl) uJLJI ^ iLU JiUJIj 

/• hyp /■ hyp * adj 



hyp 



9 IS sec0 = I = ^ m cot* = *=-^ 
x adj y opp 



.jjUJI j\ adj , /jJI hyp . JAiJI opp :3lWU 

^^jjbLr flijijiJ oJi SjikJi JljjJI orji :8.n jilt 

.8-18 JSLi 

Example 8.12: Find the six trigonometric functions of das shown in Fig- 
ure 8-18. 




:01i £i>y y> tfijIjlJ 
12 = (adj) jjUJI « 5 = (opp) JAUI . 13 = (hyp) jj\ 

0U si „fl = £PE = ! ^ C os0=ii=H ^ tanfl= M = A 

hyp 13 hyp 13 adj 12 

0y CSC 0 = hyp = 12 ^ sec0= hyp = l3 mcotfl= ii = H 

opp 5 adj 12 opp 5 

^l«_4l yjLJIj ^1 j-i ^Jiy ^1 "/? SjUJI ijl^l 



o^LJJ Ljcj-jJI Uliljjj LJjjJI 8-19 jXi .^ijl^J 



II ^1 






^ >, 














= i8o° -e 


e„ = e 




HI 






- 












= 360°- e 


= 0-180° 



8-19 j£u 

i^j > * ijlj <sH W ^ WjjW ^s^ 1 J'J^ 1 
iJWI JIjjlU jJI iilkJI S*JJI ^J; I4J :Lik* i)b JT 0|i 
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ft 6 R ijlp aJIjJI J^-ji eijljll ijdiJI aJIjJI aU^j .4, ijljJtf 
.tfijIjJI <ui jjJI gjii (lL *^j^J\ 5jLi)ll ^is 
Example 8.13: Find: cos^p :8.13 Jll* 

^bii e ;i y» ^jo ^ cos^ oji^i s^i w 

(cos) f UaJI Uia SjU) Ojfc ^Vill e ;i yij -t-x = f 
.(84 Jliy 8-2 Jli. >5l) cos^ = -cosJ = --jL diJJJj aJL- 

.90° ,60° ,45° .30° ,0° UjjU iLikJI JljJdJJjJ*- 0/ 18.14 Jill 

Example 8.14: Form a table of the trigonometric functions of 0°, 30°, 
45°, 60°, and 90°. 

pill 30° - 60° dJs* ^ 30° .60° LJjjl) 4 ,?UI JljjJI aU,.)l 
y ^Ju<£ jOU^I j^Lio viiiJI i^-ii tiUa ft jl .ijljJI 
LiUJI JljjJI aU^j .(8-20 >l) ^iJiJI ^jjj jj^l J^U- 
.(8-21 JS^ ^ LT) jJUl jjUJI ^Jlill viliJI r J> 45° ijljU 





30° -60° lyljJI 


1 


*\/2 

1 45 \ 


/£ 


3o\ 2 

-, 6oy\ 




1 




1 



8-21 JSw 8-20 J& 
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^j-feuj 8-2 JLu ^ ojls-j i_jJLuJI JljjJIj «oUkJI oJla 





2^ 0 


sM 


COS0 


tan# 


csc0 


seed 


cotd 


0 


0 6 


0 




0 


U 




U 


7t/6 


30° 


1/2 


V3/2 




2 


2/V3 


1/V3 


jt/4 


45° 


lA/2 


1/V2 


1 


V2 


V2 


1 


ji/3 


60° 


^/2 


1/2 


1/V3 


2/V3 


2 


V3 


7t/2 


90° 


1 


0 


U 


1 


U 


0 
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pirn jtfin 

V&i imi Jljatlj MjX\ ylSjIUtl 
Trigonometric Identities and 
Trigonometric Inverses 

': juttl ija ^ 
Uilti jij^i ✓ 
Li&l u&lklil ✓ 

J^fy y^j ^ jjUtf |/ 

uQiiti ✓ 

^1 JljJJ! 

Inverse Trigonometric Functions 

oiU^ .Sj-L^l *..Mu\\ SJIjJJ ylfll JUJI uL>" 

jL^JI jlkJI yJUl J^JbJI j^jjj .iL-S* S)li I4I uji. viAJijj 
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/«- 






* I* 


L~ 2 * 2 




[-1.1] 


x br 


fO.nl 


H.1J 


^ l£ 


( n it 
[~2'2 


) 


R 


x y 


[ 


n 

-it. — 
2. 


i 




(-QO,-l]u[l,Oo) 


* ii 






.'■tJ 


(-«V-l]u[l,«o) 


« lib 


[0,7t] 


R 



.j» LT o& iJL^I 3WJ JKJI ^jlJI 

jhju j ^) jjlji juji w xju jr ^ *ii C*i Jb-*j 

^j|s r UI ^tlij ^LiJI Jlja i)U J jflj ,^1 oIjLsp-I ijrj 
dljUrf-^ll jiTl y> L_la f iv,-„, Jl jLxi^lj .(U jlijl j^jj ^ 

Still Uii-fc ^allpjaij.^sin^ j-1Si<1 &1 

y = cos _l Jt ; 31WIj/(x) = cos" i x fU-JI u^r i)b ^jS^ Jyu .2 
^1 p-ftiJU ".jc = cos y <-l < x < 1 <0 < y <7t li! ^3 ty 
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.II <I gjJI J SJIjJI Uia-ti' 
lil y = tan" 1 x 3}Wl* f(x) = tan -1 x JWI *lb ^j&j dj*t .3 

.iv c ;i .1^1 J 

= esc" 1 a: S%JIj/(x) = csc"'a;^UJI *Jb lJ^ju. .4 

Jt<y<y,x<-1 I — «Jj i*-cscy c-JLS' lil Ja-Lij li) 
J ^ar aijJI Ui*-ti' ji\ fJl\j . x >\ <0<>><| jt 

.111 c ji ,1 e ;i 

y = sec"'x 4i!Wlj/(^) = sec" l x ^Ull <-Jb <-V* .5 

jj - n <y<~± 3x<-\ UJj <* = secy lit i»-«Jj lil 

<i yi ^jj aJIJI Ui*.tr ysJI ^bctl ,o<>><| 

.111 e ;ij 

y = cot x Sii^Jl f[ x ) = cof 1 x fUl Jt SJb ^.jSm Jyu .6 
Uki^ti' ,^1 jv-aJlj ieJ! ,0<)><7i ix = co\y lil JaiiSj li] 
.Il^Jlj.I^I^^SJIjJI 

Example 9.1: Evaluate: Il—^I 19.1 Jlit 

(a) sin -1 ^; (£») sin "'[-yj 

j^-jji JjJ» jj^j "f SyS f « sin ^=i t^" y=^\ 

JL>jJI J*Jl0j£j-~£y<;| ,sin>> = -± ^ ^sin^-i) ® 
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Example 9.2: Evaluate: '.9.2 Jli* 

(a) cos"'|;(6) coT'(-|) 

ibUJIei$J JLs-jJI JJIj 0<^<Jt .COSJ'S- ^Slft COS -1 j (fl) 

• cos ~i = ! r w 'f *t>A*rMJ 

:J&Jl) y^jj.V»jiJI JljjJL Cij ij-SUJI ijidiJI JljjJI jLijJ 

sin" 1 j = arcsinx cos" 1 X = arccosx tan" 1 * = arctan* 
esc" 1 Jt = arccscj sec" 1 x = arc sec x cof 1 Jc = arccoU 

Example 9.3: Evaluate arctan 1. : arctan 1 19.3 Jli» 

ihlxdJ Ju»jJI J»Jlj ■~y < )' < Y « tan J' = ' y = arctan x 
.arctan l=f ^.J^u/, iyrfl ^ 

Trigonometric Identities AuLUI u&lblil 

.^Ju 0jL*D Jjuwj ^1 ol ^^aJI j*^ g* 3 ^ 

cos 2 /+sin 2 / = l ] + tan 2 f = sec 2 f cot 2 r + l = csc 2 f 



IlJjIj J£J ii/idl t |wi .i»-Ji)l £-jU- oliUaxo 



.3 



cost 



sin(- /) = -sin r cos(- 1) = cos r tan(- r) = -tan f 
csc(- 0 = —esc t sec(- f) = sec t cot(- /) = -cot t 

Example 9.4: Simplify 1 ~ cos2g Ja-o 1 9.4 Jill 

sin a 

1*7 jjj . 1 - cos 2 a= sin 2 a ji Jb*J lijjplii i&lku 

l-cos 2 a sin 2 a 

= = sine 

sin a sin a 

i_^JI ilb £ji>-H\ JljjJI L...7 Cij J*-i7 US' iJtLJI 

.Si.Ua. jjfc M^I = cos 2 / jl y :9.5 Jll» 

. « » r , sin/cos/ 2 . ... 
Example 9.5: Verify that - - = cos r is an identity. 

JIjj ^1 J^l ^jVl 5>>JI OjSij J>)l y fjJlj 



sinrcosf = sinfeosr i^l ^Ik* 
tanf sinf/cos/ 

sin? i 5 

= smfcosr + v.^r 

cosr 

-sin J cos r C0S ' ljj*sr 

= cos 2 1 C.j~r 



.Silk* c— J sin/ + cos/= 1 jl c~H 19.6 Jilt 
Example 9.6: Show that sin t + cos / = 1 is not an identity. 

o|s r = ;t/4 li^l 131 4j| iilkw c— J Ljj^i r = 0 Ujl* 

. n n 1 1 2 /r , 
sin— + cos— = -p- + -^ = -,= = v2 *1 
4 4 V2 V2 V2 

Solving Trigonometric Equations 

JJUiTj f UI y^JI Jlji ^Vl JIjjJI W d)i J 

.cosf = -± ibLJJ i^JI JjJUl Jb-jl :9.7 Jill 
Example 9.7: Find all solutions of cosf = ^ . 

^ iJuij [0,2n) S>JI J J>JI ^Iji 

-| 1 K 

, = cos - = - 

^\}\ ^J\ 3 Jj\|| cJ\jAivyj/s r UJI Sib ji ^ 
jt/3 S^l ijljJL ^1 J > Cij jbs-ji Oji 
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Db 61 dw^j <cJLbJI ilo-pbU J*L_S3I iriJI JJ 

J y*JI ibT 4^ 271 Ijijjij AJJji i)b fUJI y-J>- 

.^»w9 iJ* n '5n/3 + 2nn <7t/3 + 2tw oj^aJI 

iJiUJJ [0, 2ti) IjjJdl yi SajjpjJI JjJUl JT Jbyji :9.8 Jill 

.5tan/ = 3tanr-2 

Example 9.8: Find all solutions in the interval [0,2n) for 
5 tan / = 3 tan / - 2. 

Juj-i yJ tan / Sj-Lii S)jIm ^Jj "ilji SbUJI Jij»«a 

2 tan / = -2 
tanf = -l 

LbUJl ,jJL .[0, 2n) i/LJll J ibUJI Jf j^jj j^b 
IV II ^jjl y_j iJL jjft jyi i)b ji C*>* .tan" 1 1 =n/4 
.re/4 l^rj4\ i» yi Llj^l y* J>JI jis 

yA Jjl*Jt »JUk 



ti^Jj Ujtfj g*^ 

Sum, Difference, Multiple, and Half-Angle 
Formulas 

j\ v «u ji ^^-i :JU£Jlj >Lull u>^ri u^ial! £jWlj £4*11 juu 

sin(« + v) = sin « cos v + cos u sin v sin(« - v) = sin u cos v - cos « sin v 

cos(u + v) = cos u cos v - sin « sin i> cos(« - v) = cos k cos v + sin u sin v 

, , tann-tani> 

tan(« - v) = 

l-tanutanv 1 + lanutanv 
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.sinji J iiiJdl Ml v-— 1 :9 ' 9 



:oi» JM c-^ 1 f'J^^j 12 = T~T ^ 



s,n.- = s 1 „^--J 



~ Sin 3 C ° S 4 COS 3 Sin 4 
_ VJ J_ 

2 V2 2* V2 
_ V3-l _ V6-V2 

2r/2 4 



: jji ^ jop rf | 5 oi ^ :lttu JijJU SjjWi JijJi a#- 



(H 


= COS0 


cos 


(H 


j = sin <? 


tanj 


:h 
















(H 


= sec0 


secj 


:h 


= CSC0 


cot| 


:h 

















i-Lc- ^1 0 jl jbj-i, : Jittiifj >»Uill wgfj U££dl JbjIjJI tiau j±u 

sin20 = 2sin0cos0 cos20 = cos 2 0-sin 2 0 tan 20 = 2t3 "f 
l-tan 2 0 

iJL_P u jf J>j—ii :>Uill lu^J yoail lyljJI Omj ulJulklt 

. 2 _ l-cos2« 2 _ l+cos2« 
2 C ° S 2 

LS JLis- iJ_p tfl 4 jiyii :JkJlj »UUI ui?j luaU SyljJI uwj £u» 
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_ 1- cos A 
sin j4 
sin 4 
l + cos.4 

eJufc ^ <jt\f- oi*u ^yw^l jjbJI 5jL-l JjJMi jSU-JI ^ 
dUij 5aJL« SjLi^ll J^.^' 4il ^11 

. A/2 <j jJJI Ju Jao 

sin| i*-jti .^<e<2n «cos9 = | ji c-Jp lij 19.10 jCU 
• cos| j 

Example 9.10: Given cos0 = -, — <0<2jr,find sin- and cos-. 

3 2 2 2 

0\ .^LtJI y-s^JJ *HjljJI <-« Mai g** (»IJJ*a-^ 

,^-1* J-rfWw 2 ^-U 4Jb.LiJI Jlj—ti .y<9<2n 

ijLft] j^fc, II ^1 ^ 2-JL" f jj-fc dUit, &<§ <* 

.cos| J iJUl 5jb)ll jbic Uio i^^o sin| 

Triangles uliUil 

.9-1 JSLi y<BC dJiJJ ii>)tJI jv^si' 
U^l ^ a,ft,c tffcll (^^l) yiljJI Ojfc ABC dJi-J) oJI 
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&Lu, Hits I ijj-jn ji» oiiii 







9-1 J& 



.(oUaadl OliLJI J-i dii* Jj»-J 

SiLJI L-iW tf-H £• J^-b jt j** 5 ^ W ^-r^HJ - 900 
ijlluJI JljjJI Oliytf fljlA^-Lj j^-Vl f l^-^l Jjjrf jSUj 4i|i 
CJiJI L,ljj of Ci»ij ^j^tUJ ij^jj «5jUJI UjjlJ 

.180° ^ji-JI 

,a = 30° ABC ojl^l ^LS ^JbuJI Ot C-J* lil 19.11 Jill 

.liilJI y Jbs-jl .c = 20° 

Example 9.11 : Given a right triangle ABC with c = 20 and a = 30°, solve 
the triangle. 
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a + P+y=\W oi C-a- :^ iL>«j.)lj ,y = 90° oi ^^iiJI j_» La 
p = 180° -30° -90° = 60° <= 0=180°- a-/ jji 
viUjuj sinot = ^ jjSo /4BC pJls cJiJI ^ Ail jjUi a 

.a = c sin a= 20 sin 30° = 10 
jvj' C l = d t + b 1 jl tl)jjplii ijJaJ ^ jJjo b 

b = ^lc 1 -a 1 = V20 2 -10 2 =V300 = 10V3 

. r UI 

ojkll yu-^j yiU- Ji" ^ 0>ft cJb> :uji*n (jjiiS 

a _ b a _ c b _ c 
sin a sinj9 sin ar sin y sin /J sin/ 

£>a»i*J LjL-t yjU- j( jj& viJb '.jU2i\ uj& jjilS 

£4 j*jUJI »»Jp<> J-^^" <-4«^» *i« \9~^)aJ> j'.j*'^ jjjJlaJI 

a 2 =/> 2 +r-2f>ccosa 
i> 2 =a 2 +c 2 -2ac cos/7 
c 2 =a 2 +6 2 -2d>cosy 

10-114° .a=23.9° ABC ijljJI dJiJI J*. Jb-ji I9.12 Jtl> 

.c=82.8 
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Example 9.12: Solve the triangle ABC, given a = 23.9°, B = 1 14°, and 
c = 82.8. 

0 + ^ + 7= 180°,y= 180°-a-^= 180°-23.9°- 114° = 42.1°. 

'.a iUj)! <-»j**JI OjjU ^Ijl^Ijj 

csina 82.8sin23.9° ... a c 

a = — — = — r-r—. - = 50.0 * ... - — = - — 

siny sin42.I r ^ J sina siny 

, csin/J 82.8sinI14° ,,,,,, 6 c 

o = = =113 .jiSJ *j' - -*J = 

siny sin 42.1° V ^ sin ^ sin/ 

Polar Coordinates lukdJI uLulJ^Vl 

i^jb ^ji-^ ^ iiljll Midi aJ^I oUIj^I fib jjb* 

4 aJUJI 0 (jljjJIj uJaSlI jjA-J r ifcU" ik&j J»UJI »Jl» o^Ldl 
( _ J JaiJI JJ*«JI> { y^M j (iljJI ikii jA yJaiJI du^) CulJ j_« 

■L^J wrjJLj ^Jl ^,^1 jj^JI jj&j .(9-2 J£i >l) 




9-2 Jti 
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tjJ^JI y J^ljJI g-U^JIj ^^J^JI _y»*»JI j;j 
^Jp i_JjuJI iiL-JI ^ r Oj-&} P ^\ 

^IjL^II 1$ «U>j i_J»iJI 1^,1 j ijlj 0 ol« S^^« r jjSu LoJH* (r, 6) 
Ui .0 J ^\^\ J* £>\^J\ y r {J l2l\ jj^JI 

^-S^p jLJI £L*JI ,^Jp oljLs-jll \r\ 0 *£s iJL r CJ^ lit 

J_£*j JUi Oii ^jj tfSl '■=0jj-So - Lojupj .0 J ^LjJI ujLJI 

.(9-3 JS^i) (-3,11/3) j (3,71/3) _j i>JJ**JI J»UJI :9.13 Jill 

Example 9.13: Graph the points specified by (3,7t/3) and (-3,Jt/3) (Fig- 
ure 9-3). 
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J-U9 .SJL*s*J OjSj i 4 4-Jaill oLJ'ljb>)[l j|i £»J 

ilUJI 4 Jul I oUJa-^J cUjam e jl ujfl I9.I4 Jill 

./>(3,n/3) ikiJJ 

Example 9.14: List four alternative sets of polar coordinates corre- 
sponding to the point /»(3,tc/3). 

i-jjIjJI £j 5Jb»*» ijlj yU J-^ni 2rt J iw4>Ui« tfl £*j>u 

j ...y j-^'lJb-l 0LJ& (3,.13j[/3) j (3, 7ti/3) pi ^ <»LW)I 

yiL-JI yjUJI LJ 7t + 7t/3=47t/3 Cli viw^j -jr^J o-z&^ 

OLSjfc (-3, l(k/3) j (-3,47t/3) oL'lJb^l tc/3 J JAiJI ^LiJI 
iLidJ ^^-i iJai oLjljb-1 
oLu'Ij^^J r Ui3 yJ* 4 Jul I oL'ljb-^J r Uu ,J lib 

<UUI Jij»dl oli^U j^s .9-4 J£i J US' ^Jjlfll 

A IfJP 4-Ldl cjLT lil 




(r,6^ 4 ..hill oLJIj^I 

W fay) lj* 



x = rcos0 y = rsin0 
9.4 Jj£ tan0 = - (x*0) 
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.ijiijiai C.UIJb-}l J\ (6, 27t/3) Jjs* 19.15 jtiU 
Example 9.15: Convert (6,2it/3) to Cartesian coordinates. 

:jl Jb«5 Jij>«JI j.|jL>^-ljj 0=2n/3 j r = 6 ti-s- 

x = rcos0 = 6cos2;r/3 = -3 j> = rsinfl = 6sin2*/3 = 3-fi 

.(-3,3^) JjjJjlfll oLMjb^l jjSj ^ jaj 

,Q£6<2n ,r>0 oL'IJd-I Jl (-5,-5) Jj^ 19.16 Jill 

Example 9.16: Convert (-5, -5) to polar coordinates with r > 0 and 
0£6<2x. 

jl JL>«J Jj^JI ola)U y = -5 ix = -5 ji L*j 

r 2 = * 2 + y 2 = (-5) 2 + (-5) 2 =50 tan 8 = I = — = 1 
x -5 

jj-fc? .5 = 5ti/4 < III SLUJI.4 LbJI jl vi-^j 

.(5^,57t/4) ^ SlLuJI AjyJI jfcj ^1 JtJuJI CtUIJb-^ll 
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Sequences and Series 

uWI ✓ 

Sequences 



f J*C_-y .(oij-L»»JI iwlaJl) jil (Jj 1 y 

.JJIjlU i^jlJI j^us- yJj ^ J J/(«) = a„ JS^JI 

yiLiJI JoJI JjVl JxJl ( _ J *-J a,,tf 2 ,a 3 , ... ijJbJIj 

.^Jjdl JuJI a K jj JiSUj ... vlJWI jbJI 
J IJUT l&j ^ .JJjJL » Jfc-JI jJLuJI J^j 
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.a„ = 2n iubzJI y lujMl ij.bJI u^l 110.1 Jill 

Example 10.1: Write the first four terms of the sequence specified by 
a n = In. 

b,-2. 1,02 = 2.2,03 = 2.3,04 = 2.4 
.... 2, 4, 6, 8, jl .... 2.1, 2.2, 2.3, 2.4, iubJI iliS" jSU* «ii ^| 

.o„ = (-l) n ioboJJ JjVl Sny^ll ijJbJI v-uTI .'10.2 J& 
Example 10.2: Write the first four terms of the sequence specified by 

o„ = (-ir. 

o 1 = (-l) , , a2 = (-l) 2 ,o 3 = (-l) 3 ,fl 4 = (-l) 4 
... (-\)\(-\f,(-\f,(-\)\ *mj\ssA\ Ail j\ 
-1,1,-1,1, jt 

yJjiJI JL*JI JUOJ ^ iubijl y| jjSl JjJbJI 

^ <u J»-J JSLi iUjJ j^aj. ^ J£iJI li* 

.... 1,4,9,16, iwbuiJ yijdl J^JI Jbrji :i0.3 JCU 

Example 10.3: Find a formula for the nth term of the sequence 1, 4, 9, 
16 

our Jul ijjj Suit il^ ojSo- ajjuji jr oi Jb-^ 

^yJI JuJI j^. ^.^j ... I 2 , 2 2 ,3 2 , 4 2 , dj^JI iubJI 

iiLJI ijJ^JI il^Jb ijJbJI Jj.J^i'j 

:jl iiyuJI S*l~*AJ Jj^l iuj^l ijJbJI ysTI :io.4 J(it 
o, = 3, o„ = a„.| + 7, n > 1 
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Example 10.4: Write the first four terms of the sequence defined by 
a, =3, = +7,n> 1. 

o, = 3 j^i m = 1 IsJUP 
a 2 = a 2 -i + 7 = a i + 7 = 3 + 7 = 10 Oii « = 2 Ujl* 
a 3 = fl 3 .i + 7 = fl 2 + 7 = 10 + 7=17 oii« = 3 l»Jui* 
«4 = «4-i + 7 = £7 3 +-7 = 17 + 7 = 24 oi» « = 4 U .Up 
.... 3, 10, 17,24, oj^vaJI Ju» iwlsxJI iUf £ju JJJbj 

Series u^ULotl 

CJLS" .iubuJU I4J! jLlJI ijJbJI {yvy* ^ o^LJLxJI 
<1 JLsJI oli SijJi*** m Ujj* ^1 jjj>JI "i. <*>> a »> 

a, + a 2 + flu + - + " m = X a * 

.£-1 ajLsJi js^ y^i :io.s jCU 

Example 103: Write in expanded form: Xp"- 

^111111,1111 5269 

> - T = - T + -s- + ^ r + -^ r + ^r = l + - + - + — + = -! 

~* 2 l 2 2 2 3 2 4 2 5 2 4 9 16 25 3600 
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Series Identities 



j ,'i jW y.< * b(« + 1)(2« + 1)(3ii 2 +3b-1) 
U = 4 £ 30 

Arithmetic Sequences and Series 

.fl„ = a, + (n- l)rf OjSo, yjyJI JlJI j^s irfUs- iuba.^ 
j_« I4JI jL-iJI jjJl»JI £^>«j ,_yft ijL-pJI iJULjuJI jj&j 
^ ji-xJJ CJU S„ y>)\ j»JL*^-j.j .5jjJb»JI LjL-sJI iubiJI 

5„=^(fli+o„) 5„=^[2fl|+(n-l)rf] 

. ... .9 <4 ioLJI iobJI ^ JjVlSaJI ijJbJIy-S'l :i0.6jlll 
Example 10.6: Write the first 6 terms of the arithmetic sequence 4, 9, ... . 
a, = 4 <a 2 = 9 I4J ^Wlj Jj^l JbJIj iuL*- iubuJI ji 
J-S" aIjsh) |*f -a 2 " a \ = 9 - 4 = 5 £}Li ^L'^l Oj^s 
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.4,9, 14, 19,24,29 JjVl 

JUJI ^bJI ^ Jj^l Ijb- j^iJI ^j**- J^ji :i0.7 JlJU 

■JiUI 

Example 10.7: Find the sum of the first 20 terms of the sequence of the 
previous example. 

.iJbJI i^aJI flj^J l — Jl ^ jj& 4J^s a, =4 <n = 20 <d=5 
5 20 =y[2-4 + (20-l)5] = 1030 

Geometric Sequences and Series 

.i (ub^JI JjJu>- ^-j*^ o„ = ra„,\ jl a„H-a„.] =rol (^1 

. a„ = j| r"' 1 O^i i*«JLiA <u>lcw ^ 4j| oLj I 
L^J I jLiJI ijJ^JI ^<l« \$\> L-jlljJI iULiJI J I jlijj 

. ... ,6 ,4 i^J^)! iulaJI ^9 JjH\ i^JI ijJi»JI yiSl 110.8 Jill 

Example 10.8: Write the first 6 terms of the geometric sequence 4, 6 

31 = 4 <a 2 = 6 ^L-iJIj Jj^l Ujls-j iL-JLLA Lub^JI jl 

. a 1 + a ] =6+4 = -| L$jl olLu r iabJI i*-JI 
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LJ^siJlj tiUij o^L* aJ jjjLJI JL>J1 {y> Jf iUyl JiiU*- 
.4, 6, 9, f , iL, 2« ^| fcj, AjJb j, ^ ^ ,3 ^ 

^ oolaJI SjUiJI ijJ^JI J^jl :io.9 Jtlt 

Example 10.9: Find the sum of the first 8 terms of the sequence of the 
previous example. 

" 1 1-r 

_ 1 l-(3/2) 8 = 6305 
8 1 - (3/2) 32 

Binomial Theorem jjdbill u! 3 

<2^f ^-i £j-V ^Jjl-^" ^i*^ jA-J^JI ^ ^J&" 

fl + i ^LJI f UI J-SLsJI jLT lip .ajw U l^if ij^JI .Iaj 
Idj^JI J jjft yjjty ijJbJI jp 

(fl+i)° = l 

(fl + 6)'=a + * 

(a + fc) 2 =a 2 +2afc+6 2 

(a + fc)W+3a 2 fc+3ai> 2 +& 3 

4 (fl + 6)"oubuJI Jj^i. oUk>WI ^ JbJjJI 2)L*j 
:JliJI j-- 

.(a + 6)" JjSU* jjJisJI j« «+ 1 jjip Jl>-jj_ .1 
J^- ^ 1 jt-li*j jdSbjj n _j JjMl JjJ! a Iju .2 



jIjUuj Juljaj jidl JjSlI Ji*JI j b J j-^ll IJw .3 

J^JI ^ « J_^. ^ iJUl ij^JI y ±~ Jff ^ 1 

ijyji ji^i ^ ^ i>ju f ui jsjji 

r)%!(n-r)! 

J*>L>- Ail JIp Jyoj (« kJj^i* lyL) «! Ols « ij-UI aliP^Uj 

1! = 1 2! = l-2 = 2 3! = 1-2-3 = 6 4! = I -2-3-4 = 24 

0! = 1 ji jJbuJI jj» 4j|i 'i\*ti;» ijy&j .iJijbj 

.(o+fc)" JjSU* ^ ^uji jbJi jb-ji :io.io jili 

Example 10.10: Find the fifth term in the expansion of (a + b) ]6 . 
.L_*JI Oj-^j;' = 4 p_J + 1 =5 j n= 16 j? Ll» 
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(A) 

Absolute value ttLLJI 
Algebra of functions Jljjjl ^ 
Algebraic functions and their graphs 

Analytic geometry UJUJI 2~JU|)I 
Angles liljjll 
Asymptotes yjliill I^Lj- 

Axioms for the real number system 
JU*l\ JJuJI f\k olefcij 
(B) 

Binomial theorem jjJlJI oli i Ja 

(C) 

Cartesian coordinate system 
Circle unit 

Common ratio i*WI 4,..;ll 

Completing (he square I JUS") 
Complex numbers iS i\js.H\ 
Conic sections iJ>>>*»J I fjLi I 
Cosines pLJI 
(D) 

Direct variation ^LJ I jjd I 

(E) 

Elimination method of solving 
Ellipses i^iUI £jLdl 



Equations olbU> 
Exponential functions L-Vl JljJdl 
Exponents ^—^11 

(F) 

Factoring JJkiJI 
FOIL method Ji>**> 
Formulas 

cofunction i_jL-JI ^» 

double-angle 

half-angle ijljJI «JUi 
sum and difference 

jyillj J^aJI 

Functions JljjJI 

(G) 

Graphical method of solving 

J*JI J iuiUI iiJJI 

Graphs of trigonometric functions 
iLiliJI JljjJI oL»>u 

(H) 

Hyperbolas jjuljll ^Lill 

(I) 

Identities olilkJ! 
negatives yJI^JI olilk* 
Pythagorean Ojy-UJ olilka 
quotient I £ jU- olilk* 

reciprocal yjiaJl oliUm 
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series 

&%J ..v.l) iiU^I 
trigonometric i-ibJI olilkJI 
Imaginary numbers Ll^JI jUpVI 
Inequalities obUJI 
Inverse trigonometric functions 

i-XJI iJiliJIJIjjJI 
Inverse variation SUt jJcll 
(i) 

Joint variation J jjui I I 
(L) 



Laws 




associative 




commutative 




cosine 




distributive 




negatives 




quotients 




sine 




zero factor j 1 J*W 1 j^'i* 


Like terms 




Linear equations 




Linear functions 




Linear systems 




Loci 




Logarithmic functions 



S^jUyJI JljjJI 

(N) 

Nonlinear systems of equations 
Numbers jIj*^! 



integers h^J\ s\js.'i\ 
irrational Aj*SI1 
natural v-W ilJ^Vl 

rational (i^l) i-J' 
real ^i^JI jla*"ill 

sets of 

Number systems ^IJLc-Slt ^ 
(0) 

Order of operations 

(P) 

Parabolas j^Ul 
Parametric equations 

Partial fraction decomposition 
<J*JI j^l 
Point-slope form J-Jlj iLiJI iw> 
Polar coordinates 

Polynomial functions 

ijJbJI ol^S" Jlji 

Polynomials jjO»JI ol ^ 

(Q) 

Quadratic equations 
Quadratic functions 

(R) 

Radical equations h jJbJI c/JiUJt 
Radical expressions 
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Rational expressions 
Rational functions 

(S) 

Secant and cosecant 

Sequences and series 

Series o^JLaJI 
Sets of numbers >\n-H\ oU j*m 
Sines vj^ 1 
Slope-intercept form 

Square root property 

Standard form 4 '-.v^ 1 
Substitution method of solving 

Systems of equations and partial 
fractions 

(T) 

Tangent and cotangent 



Theorems oUjJki 
binomial ji-i»JI oli ijti 
corollary i*^; 
Descartes's rule of signs 

intermediate value 

zeros jjj*JI ^kr^i 

Transformations and graphs 

Triangles obkJI 
Trigonometric equations 

Trigonometric functions 

iJikJIJIjjJI 
Trigonometric identities and 
inverses 

(U) 

Unit circle sjb-jJI Sy'b 

Unlike terms i^Li^JI ^ jjJbJI 
(V) 

Variation _ c^ir 

Vertical line test 

^IjJI j^mJI jLi-l 



- 175 - 



Study Guides/Precaiculus 



When you don't have the time ... 
but you still need the grade! 

If your life is too busy to spend hours ploughing through weighty textbooks, and 
you need every study minute to count, Schaum's Easy Outline is perfect for you! 
This super-condensed, high-torque study guide gives you what you need to know 
in a fraction of the time. 

SUPER-IMPACT 

Built for quick, effective study, this Easy Outline packs exciting new learning tools 
that make mastering precalculus fast, fun — and almost automatic. 

SPEEDY 

Quick-study experts slashed the time you need to spend with your books by 
reducing precalculus to the essentials the professor expects you to know. 
This Easy Outline is perfect for test preparation, pre-exam review, and 

HI-QUALITY 

Easy Outlines give you 100% of the authority of Schaum's full-sized guides, known 
around the world for the highest academic standards. 

BACKPACK-ABLE STUDY POWER 
Compact and portable, this Easy Outline lets you study precalculus anywhere. 

SCHAUM'S GETS THE GRADE! 
Let's talk bottom line. Schaum's Easy Outlines give you what you want— better 
grades, with less work, and more free time! 

Get the essence of precalculus the easy way. Schaum's Easy Outline of Precalculus 
helps you master precalculus with plenty of illustrations, memory joggers, and the 
newest, rapid-absorption teaching techniques. Backed by Scha 
academic authority, this is the study guide students turn to and ti 
that Schaum's is going to be there for them when they need it! 

• Quick study tips • Student-friendly style 

• At-a-glance tables • Perfect for test prep 
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